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ABSTRACT

The wing aspect ratio (AR), that is, the ratio of the wingspan to the mean wing chord, is the most important geometrical parameter describing
an insect wing. While studies have shown that a change in /R affects the flow structure as well as the aerodynamic force components on wings,
the reasons behind the wide variety of aspect ratios observed in nature remain underexplored. Further to this, motivated by the developments
in micro-air vehicles (MAVs), determining an optimum R is important for their efficient operation. While the effects on flow structure
appear to be, at least superficially, broadly consistent across different studies, the effects on aerodynamic forces have been more strongly
debated. Indeed, the considerable variation of force coefficients with /R in different studies suggests different optimal &s. To help explain
this, recent studies have pointed out the coupled effects of /R with other parameters. Specifically, the use of Reynolds and Rossby numbers
based on alternative scalings helps to at least partially decouple the effects of A& and also to reconcile previous conflicting trends. This brief
review presents an overview of previous studies on aspect-ratio effects of insectlike wings summarizing the main findings. The suggested
alternative scalings of Reynolds and Rossby numbers, using the wingspan as the characteristic length, may be useful in aiding the selection of

the optimal aspect ratios for MAVs in the future.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5129191

I. INTRODUCTION

Flying is a way of life for the majority of animals, including
birds, bats, and insects. The survival and continuing evolution of
these animals depend on their flight performance. Motivated by
research into aircraft, the aerodynamics of large flying animals has
been studied in detail over the past several decades. However, the
aerodynamics of their smaller counterparts is, perhaps, less well
understood. Recent developments in the design of micro-air vehi-
cles (MAVs) have resulted in a growing interest in the study of the
insect wing aerodynamics. Various morphological as well as kine-
matic parameters of flapping wings have been studied by researchers
in the past few years.'

In general, insect wings are morphologically different from
those of birds. Bird wings are observed to have sharp tips, whereas
insect wings have a smooth transition of the wing’s leading edge into
the wing tip along a curve. Birds mostly generate lift in the down-
stroke of the wing, whereas insects generate lift in both upstroke and
downstroke. Of course, as has been noted by Azevedo et al.'' and
Wootton,'” not all morphological parameters are related to insect
locomotion. Some are related to wing-folding and thermoregulation

as well. However, wing morphology is important in determining the
aerodynamic performance of wings of insects and of insect-inspired
MAVs. The key morphological feature of a wing is its aspect ratio,
given by

A=, (1

ol o

where b is the wingspan and ¢ is the mean wing-chord, as shown in
the schematic in Fig. 1. The mean chord is calculated as the ratio of
the wing area (S) to the wingspan (b).

When scaled with the mean chord, wings with higher val-
ues of AR result in a larger wing area (S) than that from small- R
wings. This affects the mean lift generated by the wing in a flap-
ping cycle as indicated by blade element theory, L = CLpU§S/2,
where Cp is the lift coefficient of the wing, p is the density of
the surrounding medium, and U, is the mean flapping velocity
at the radius of gyration. However, the mean lift is also affected
by wing flapping speeds, depending on the wing Reynolds num-
ber Re = U,c/v,” " where v is the viscosity of the surrounding
medium. Moreover, a high- AR wing has a larger radius of gyra-
tion (Rg) scaled with the mean chord. This ratio, in the context
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FIG. 1. Schematic of (a) a fruit fly and its wing characteristics and (b) a wing model used in experimental studies.

of insectlike wings, is known as the Rossby number (Ro = R,/c
= ARRg[b).""" As a result, the lift acting on the wing can be
expressed as
2

L= CL%pszeZ/R = CL%p(/SZSZ%, )
where ¢ is the angular velocity of flapping. Therefore, the effects
of AR on the wing aerodynamics are coupled with the effects of
Re and Ro.”"”!

The detailed effects of /& on the wing aerodynamics have
been debated over the past few decades. Seemingly inconsistent
results from various experimental studies’””” ' pose several ques-
tions: How does the /R affect the flow characteristics over a wing?
What is an optimized /&? Does the value of the optimized /R
change with the flapping speed? Why is there a wide range of /R
observed in nature? This review discusses these issues and, where
possible, presents some possible answers based on recent research
results. Motivated by our recent study,”” seemingly contradictory
previous studies are reconciled using the span-based scaling of
Re and Ro.

In this review, first, a summary of various aspect ratios observed
in nature and their relation with Re and Ro is discussed. Fur-
thermore, the results from various aspect-ratio studies are cate-
gorized into two groups, namely, those showing the effects on

the flow structure and others showing the effects on the aero-
dynamic forces. This detailed discussion is necessary to docu-
ment important previous studies and to show how they relate
to each other. Furthermore, a polynomial model has been devel-
oped to predict the lift coefficients for various /4R-Re-Ro com-
binations, which shows that the proposed span-based scaling
indeed helps reconcile the apparently conflicting trends in previous
studies.

Il. ASPECT RATIOS FOUND IN NATURE AND MAVs

Since insect wings have various shapes, the direct measurement
of the mean chord, ¢, may not be possible in each case. Therefore, AR
is also often alternatively defined as a relation between two measur-
able quantities, namely, the wingspan b and the wing area g, e
such that

b
R= S (3)
The wingspan and wing area can be measured, for example, by film-
ing insect wings.””*® In some studies, for example, by Usherwood
and Ellington,lz /R has been defined as 4b%/S’, where S’ is the total
area of two wings. For the purpose of comparison, all the /& values
in Appendix A have been scaled according to Eq. (3).

e EsEmm e
A

FIG. 2. Data of /R, Re, and #, of various
insect wings obtained from the work of
Weis-Fogh,* Ellington,”® Ennos,”' and
Zanker."® Weis-Fogh has assumed most
wings to be semielliptic in shape; thus,
having #, = 0.5. Details can be found in
Appendix B.
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Interestingly, birds and bats are found to enhance the lift on
their wings by dynamically changing the wingspan during their flap-
ping motion.”””* Unlike insects, birds have bones in their wings,
which enable them to change their wingspan, thereby changing
the aspect ratio dynamically. This change in the wingspan results
in changes in the instantaneous flow structure and in the overall
flight performance.” In general, insect wings have aspect ratios in
the range 1.5 < A < 6, whereas bird wings have those in the
range 5.5 < AR < 19 (see the data by Tennekes’). In comparison

scitation.org/journal/phf

with insects, the longer wingspans of birds and bats help in pro-
viding a larger wing area, allowing them to glide while maintaining
low angles of attack. However, insect wings have a lower /R as com-
pared to that of birds, owing to the wingspan being limited by their
small body lengths (see the work of Ellington™). With a reduction
in AR, the induced drag increases.”! Simultaneously, the ratio of lift
to drag (L/D), also known as the glide ratio, decreases. Thus, low
L/D ratios cause gliding to be not feasible in the case of insects,
requiring them to flap their wings to maintain flight. In fact, the
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Lestes sp. Ischnura sp.
Isoptera — N
Zootermopsis angusticollis -
Neuroptera P/
‘.\
@\\ Hemerobius sp.
Hymenoptera :
Pepsis sp.
| @ @\ ™ FIG. 3. Various wing planforms, as given
by Combes and Daniel.*’ Figure repub-
L Sceliphron sp. lished with permission from A. Combes
and T. L. Daniel, “Flexural stiffness in
Bombus sp. insect wings I. Scaling and the influ-
ence of wing venation,” J. Exp. Biol. 206,
| 2979 (2003). Copyright 2003 Company
| Diptera Tila &, @ of Biologists Ltd.
Villa sp.
— Eristalis sp.
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wing-beat rate in animals is observed to increase nearly exponen-
tially with a decrease in wingspan.”” Consequently, smaller insects
are observed to have low-4? wings with a high wing-beat frequency.
Some large insects, such as butterflies, locusts, and dragonflies, can
use both gliding and flapping motions intermittently.”** How-
ever, their gliding speeds are limited by their inability to alter the
wingspan. o

The wing Reynolds number, Re, depends on the wing size and

the wing-beat frequency. In this case, Re is generally defined by

Re = %. (4)

v

For the wing flapping with a sweep amplitude ¢, at the rate of n
Hz, the mean velocity Uy is calculated as 4panRg. The term sweep,
in this case, refers to the rotation of the wing about the axis nor-
mal to the stroke plane, shown as ¢ in Fig. 1(b). This motion is also
called the translation in many studies.'”'**" Even though the range
of Re for various insects is large (10> < Re < 10*), the range of &R is
observed to be typically within 2 < /R < 7.5, as can be seen in Fig. 2.
Many insect wings can be reasonably approximated by semielliptic
shapes;" however, some Hymenoptera and Lepidoptera species are
better approximated by triangular shapes. The range of wing shapes
can be seen in Fig. 3.

Ellington™ has derived laws of wing shapes to which most wings
adhere. According to these laws, the normalized radii of the sec-
ond and third moments of area of a wing, i.e., #(S) and 73(S),
are related to the centroid of the wing area #1(S) such that 7,(S)
=0.929[71(8)]%7** and 73(S) = 0.9[#1(S)]**®". Here, the normalized
radius of a wing’s kth moment of area is given by

1
it(s) = [ eta, ®)
0

where ¢ is the local wing chord normalized by ¢ and 7 is the span-
wise distance normalized by the wingspan (). Broadly, either 7, or
2, in addition to R, might be sufficient to reconstruct an approxi-
mate wing planform using a Beta function approximation, as shown
by Ellington.” Data for various insects obtained from the literature
show that 7, varies in a very narrow range, 0.5 < 7, < 0.6, as can be
seen in Fig. 2.

Il. EFFECTS OF AR ON THE WING AERODYNAMICS

Insight into the influence of /R on the wing aerodynamics can
be gained by noting the relation between /&R and various accel-
eration terms in the Navier-Stokes equations. The nondimension-
alized Navier-Stokes equations in a noninertial rotating frame of
reference for a flapping wing have been derived by Lentink and
Dickinson"” as

Du 1 1 . 1 1
[0 0 x (Qxr) + 20 xu]
Dt J2+1LA* AR R
I _»
=-Vp+ -V, 6
P+, (6)

where r, u, Q, and Q are the normalized displacement, velocity,
angular velocity, and angular acceleration vectors, respectively; ¢
and p represent the normalized time and pressure, respectively; and
the nondimensional numbers J and A* represent the advance ratio

scitation.org/journal/phf

and the chord-lengths swept by the wing tip, respectively. In the
case of a hovering insect wing, as is considered in most studies dis-
cussed in this review, J = 0. It should be noted that the velocity and
length terms in this equation are normalized by the wing-tip velocity
and the wing chord, respectively, following the proposed scalings of
Lentink and Dickinson. Moreover, /R in Eq. (6) has been defined
by Lentink and Dickinson as R/¢, which did not account for the
wing-root offset.

It has been established that the centripetal and Coriolis forces
are important for the stability of the leading edge vortex (LEV)
responsible for a high lift force over an insect wing.'*”>***" Equa-
tion (6) shows that the centripetal and Coriolis accelerations
scale with /R. Hence, this will affect the formation and stabil-
ity of vortical structures over the wing. In view of this, sev-
eral experimental and computational studies have investigated the
effects of /R on both the vortical flow structures and the aero-
dynamic forces. Observations with respect to the influence on the
flow structures are broadly similar; however, inconsistencies exist
in the reported effects on aerodynamic forces, as described in
Secs. 111 A-III E.

A. Effects on the flow structure

A flapping stroke of an insect can be divided into the for-
ward and the backward half strokes. During the majority of each
half stroke, the wing rotates about the vertical axis, which is called
the sweep motion. Toward the end of a half stroke, the wing flips
and changes its orientation, which is called the pitch motion. Insect
wings flap at relatively low Reynolds numbers, maintaining high
angles of attack (& ~ 45°). A purely translating wing would stall at
such angles with a loss of lift. However, in flapping insect wings, a
high lift is maintained, which can be attributed to several unsteady
mechanisms. Nevertheless, it has been widely accepted that the high
lift over an insect wing is primarily obtained as a result of a stable
attachment of the LEV.””'

The LEV is formed from the shear layer separating from the
leading edge during the sweep motion. The shear layer curls up on
the wing suction side to form the LEV, which is conical in shape,
growing in size from the wing root to the wing tip. LEV's have also
been observed to be important in the hydrodynamics of the flapping
motion of fish tails”* and stingrays.”’ In insects, the LEV has been
observed to be stabilized during the sweep motion by the action of
the centripetal and Coriolis accelerations.'®”*”* Since these impor-
tant terms in Eq. (6) scale with /R, the stability of the LEV must
be dependent on R. This can ultimately affect the lift acting on the
wing.

In their experiments on a rotating wing at Re = 13 000, Kruyt
et al.”’ observed that the LEV remains attached up to the spanwise
location r/c < 4. Further outboard, the LEV lifts away from the wing
surface, as can be seen in Fig. 4. The proximity of the LEV to the
surface for low AR results in a higher magnitude of the normal-
ized suction pressure beneath the LEV. Kruyt ef al. showed that the
LEV circulatory lift coefficient (C;) is higher at low 42 and decreases
steeply beyond /AR > 4. The flow over an /&R = 10 wing largely resem-
bles that over a purely translating wing, except in the inboard region
(at r/c < 4), where the 3D effects are prominent. For locations beyond
r/c = 4, the size of the LEV at that location is limited by the trailing
edge and it will be similar for larger /&R.
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FIG. 4. The vorticity contours inside the LEV core at various spanwise sections are shown for various /42. Republished with permission from Kruyt et al., “Power reduction
and the radial limit of stall delay in revolving wings of different aspect ratio,” J. R. Soc., Interface 12, 20150051 (2015). Copyright 2015 Royal Society.

At a specific spanwise location normalized by wingspan, the
size of the LEV is observed to be different for different 42, as has
been observed by Luo and Sun.”’ For example, Fig. 5 shows that at
location r, = r/b = 0.4, the LEV size for /R = 2.8 is smaller than
that for a wing of /R = 5.5. However, at location r;, = r/b = 0.6, the
LEV for /R = 2.8 is slightly larger, whereas that for /&R = 5.5 is split
into two corotating vortices called the dual-LEVs. Here, the primary
LEV at the leading edge is lifted away from the wing surface. It can be
noted that the split may be caused by induced opposite-signed sec-
ondary vorticity that has developed between the two vortex cores, as

has been discussed by Lu et al.”® This secondary vorticity is devel-
oped as a result of the interaction of the two corotating LEVs with
the wing surface. The secondary vortex (SV) is lifted away from the
surface by the action of the larger LEV core, ultimately causing the
LEV to split.

Han et al.” also observed that the LEV over a flapping wing is
lifted away from the surface at a higher /R. Figure 6 shows that the
LEV over a wing of /R = 1.5 is close to the wing surface, allowing the
reattachment of separated flow beyond the midchord. However, for
AR =3and 6, the LEV is lifted off the wing surface and the separated

FIG. 5. Vorticity contours over a wing are shown at two different spanwise locations for /R = 2.8 and /R = 5.5. r, and r;, represent the locations r/b = 0.4 and r/b = 0.6,
respectively. Figure adapted with permission from G. Luo and M. Sun, “The effects of corrugation and wing planform on the aerodynamic force production of sweeping model

insect wings,” Acta Mech. Sin. 21, 531-541 (2005). Copyright 2005 Springer Nature.
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FIG. 6. The contours of the normalized vorticity (w* = wc/Uy) are superimposed with the streamlines of flow over wings of /& = 1.5, 3, and 6 at r/b = 0.6. Figure adapted
with permission from J.-S. Han, J. W. Chang, and H.-K. Cho, “Vortices behavior depending on the aspect ratio of an insect-like flapping wing in hover,” Exp. Fluids 56, 181

(2015). Copyright 2015 Springer Nature.

flow does not reattach. The detachment of the LEV at higher /R may
be due to reduced Coriolis effects, according to Eq. (6). It should
be noted that, in this figure, the difference in the LEV structure is
shown on the plane at r/b = 0.6. Also, note that the local Rossby
numbers for wings of A& = 1.5, 3, and 6 are r/c = 0.9, 1.8, and 3.6,
respectively.

These observations show that important features of the LEV
structure change with /4R even when r/c < 4. The changes can
be seen more clearly in three-dimensional (3D) vortical structures
identified by isosurfaces of total pressure,”” shown in Fig. 7. Here,
the LEV over an A& = 1 wing is a single coherent vortex. With
an increase in AR, the LEV core becomes relatively compact, with
increased suction beneath it. However, at a certain spanwise loca-
tion, the LEV expands to a bubblelike structure, which bursts to form
smaller noncoherent structures. The LEV burst is typically char-
acterized by the spanwise flow stagnation or reversal, the entrain-
ment of the opposite-signed vorticity, and the local expansion of
the vortex size.”” The spanwise locations of the bubble and the LEV

A
¢=112.5° \ |
. |

AR =1 AR =2

burst, both normalized by wingspan, are observed to move inboard
with an increase in /AR. This weakens the wing-surface suction fur-
ther outboard, as is clear from the lower magnitude of suction seen
outboard. In the case of /R = 4, the LEV is observed to form
narrow dual LEVs that display a helical structure prior to burst-
ing. The narrower size is a result of an increased spanwise flux of
vorticity.

Overall, most studies indicate that the spanwise vorticity flux
at inboard locations increases with /R. Moreover, the LEV split and
bursting occur at a more inboard location for high- /R wings due to
the decreased Coriolis and centripetal effects, consistent with Eq. (6).
Although the suction magnitude beneath the LEV increases with
AR, the early bursting of the LEV results in a loss of suction out-
board. Therefore, according to these observations, the lift coefficient
of wings can be expected to increase with /R up to a limit, beyond
which the loss of the outboard suction will dominate, causing the lift
coefficient to decrease. Hence, it is of interest to further characterize
the effects of AR on the lift coefficient.

C) —_ &
" (1/2) (orr UR)

FIG. 7. The 3D LEV structure, identified using the isosurface of total pressure, changes significantly with .&. Contours of the pressure coefficient are shown on the wing
suction surface. Figure adapted with permission from D. J. Garmann and M. R. Visbal, “Dynamics of revolving wings for various aspect ratios,” J. Fluid Mech. 748, 932-956

(2014). Copyright 2014 Cambridge University Press.
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FIG. 8. Relation between lift and /AR for (a) symmetric and (b) asymmetric wing shapes is shown. Figure reproduced with permission from S. A. Ansari, K. Knowles, and
R. Zbikowski, “Insectlike flapping wings in the hover. Part I: Effect of wing kinematics,” J. Aircr. 45, 1945-1954 (2008). Copyright 2008 by S. A. Ansari.

B. Effects on the lift coefficient

As discussed earlier, the changes in the flow structure over a
wing with AR are expected to affect the lift (L) acting on the wing.
For an assumed value of the lift coefficient (Cy), the expression for L
for a given /R (for a square wing) is given by Ansari et al.”" as

3

L,R = %pCszfb?, (7)
where p is the fluid density and w is the angular velocity of the wing.
It should be noted that the area scaling used in this expression is
be, which is the same as the wing area S used in most studies. On
the other hand, Dickinson and co-workers have used Rc as the area
scaling, where the root cutout is not taken into consideration. If /R
is scaled by a factor of x (xR = xb/c), to maintain the same wing
area (S = bc), the chord and wingspan should be changed to ¢//x
and b\/x, respectively. Therefore, the lift acting of the scaled wing
shape will be

- 3
lchsz (\/xb) _
2 NARE

Lim = XL r. ®)

) 50 100 150

The numerical simulations of Ansari et al. have shown that var-
ious symmetric and asymmetric wing shapes adhere to the linear
relation between L and AR, as can be seen in Fig. 8. This relation is
derived under the assumption that C; remains constant across var-
ious AR. However, it may be noted that some shapes, such as the
ellipse and semiellipse, do not follow the linear relationship between
L and AR. Ansari et al. have attributed this deviation to the “hinder-
ing effects of the wake-induced components” of the lift for the wings
of higher /R.

Moreover, the reference velocity used here is \/w?b? /3. Follow-

ing the observation that #, of most insect wings is close to 1/ V3 (see
Fig. 2), the reference velocity can be expressed as wr,. Indeed, using
this reference velocity, Luo and Sun showed that the variation in /&R
has only a minimal effect on Cr. Their numerical simulations with
rotating wings of various /R showed a negligible effect on C; at two
different Re, as can be seen in Fig. 9, supporting the assumptions
of Ansari et al. Furthermore, Carr et al.”’ also observed Ci. to be
only slightly decreasing with /& for rectangular wings rotating with
a constant wing tip velocity.

On the other hand, some researchers have observed the lift
coefficient Cy and the drag coefficient Cp to be significantly affected

150

P1°)
(b)

FIG. 9. Variation of C; with the sweep angle ¢ shows a negligible effect of /& at (a) Re = 200 and (b) Re = 3500. Figure adapted with permission from G. Luo and M. Sun,
“The effects of corrugation and wing planform on the aerodynamic force production of sweeping model insect wings,” Acta Mech. Sin. 21, 531-541 (2005). Copyright 2005

Springer Nature.
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FIG. 10. Variations in force coefficients with the sweep angle are shown for various
R. Figure adapted with permission from D. J. Garmann and M. R. Visbal, “Dynam-
ics of revolving wings for various aspect ratios,” J. Fluid Mech. 748, 932-956
(2014). Copyright 2014 Cambridge University Press.

by AR. Garmann and Visbal,” for example, showed that C; and
Cp during the sweep motion are lower for /R = 1 and higher
for larger /R. However, there is no significant change in the Cp
and Cp values between /2 = 2 and /R = 4, as can be seen
in Fig. 10.

Han et al.”® extended the range of /R and observed that increas-
ing AR beyond the value of 3 results in a reduction in Cr. This
variation is similar to the spanwise variation in the LEV circula-
tory lift reported by Kruyt et al.”” (see Fig. 4). According to these
studies, /2 = 3 is optimum. Many insects flying at low Re have

Physics of Fluids REVIEW scitation.org/journal/phf

wings of /R ~ 3. However, it should be noted that the experi-
ments in both of these studies were carried out at relatively high
Reynolds numbers (~10*), where a wider range of AR is observed
in insects (see Fig. 2). Hence, the optimization of /& based on Cp
may be insufficient to explain the existence of other aspect ratios in
nature.

Although it has been established by researchers, e.g., Luo and
Sun,”” that the velocity at the radius of gyration, Uy, is the appropri-
ate reference velocity, many other researchers, for example, Carr et
al”’ and Phillips et al.,”® have used the wing-tip velocity, Uy, as the
reference. This choice of reference also affects the trends observed
in the lift coefficient as a function of /AR. Figure 11 summarizes the
trends in the mean lift coefficient based on U [i.e., Cr. = 2L/(pUsS),

where I is the mean lift] and that based on Uy [i.e., Cr, = 2L/ (pU?S)]
with changing /R extracted from various studies. It is clear from this
figure that not only the actual values of the lift coefficient but also
their trends are inconsistent between various studies.

Broadly, the values of C. in these studies are in the range
between 1 and 1.8, as can be seen in Fig. 11(a). The data from
Han et al.”® and Shahzad et al.”’ are outside this range, perhaps
due to a difference in scaling, not clear from the available infor-
mation. Overall, the observed variations in the trends would result
in differences in the selection of the optimum aspect ratios based
on the maximum C;. For example, for Han et al’® and Jardin
and Colonius,”’ R = 3 is optimum, whereas for Harbig et al”
AR = 5 is optimum. Harbig et al.”’ and Bhat et al.”* showed
a monotonic decrease in C; after a certain value of /&R, indi-
cating that a low AR is optimum. On the other hand, Phillips
et al.”® and Shahzad et al.”’ showed a monotonic increase in Cy
with AR.

These variations may be due to the differences in the values
of parameters, such as Re, the reference scales, the wing shapes,
and the angles of attack, which are summarized in Appendix A.
It should be noted that Harbig et al,”’ Carr et al,” and Bhat
et al.”” have used the constant span-based Reynolds number

(a) (b)
20t 0.8t
B 0.7t
S L o =S 5 0.6f = . o
o7 7 ~
Lop 051
e 0.4} %(
2 4 6 8 10 2 i 6 8 10
MR MR
—e— Usherwood & Ellington (2002) Garmann & Visbal (2014) —s— Shahzad et al. (2016)
—— Luo & Sun (2005) Han et al. (2015) —+— Jardin & Colonius (2018)
—— Harbig et al. (2012) —=— Carr et al. (2015) —e— Bhat et al. (2019)
—<— Harbig et al. (2013) Kruyt et al. (2015) -+ Phillips et al. (2015)

FIG. 11. Comparison of variations in (a) the lift coefficient based on Ug (Cr) with 4R and of those in (b) the lift coefficient based on Uy (C,) with AR, extracted from various

past studies, is shown. The dashed line represents the LEV-circulatory lift coefficient.
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(Re, = Re x AR), which will be discussed later. Moreover, our
recent study’” indicates that C;, derived from the LEV-circulatory
lift, such as that by Phillips et al.,”* may not represent the actual C;
and its trends accurately. Furthermore, the values of C; by Kruyt
et al.”’ are obtained at relatively high Reynolds numbers (Re ~ 10%)
inspired by hummingbird wings. At such Re, the variations in
C;, may not be comparable to those for insect-scale Re since
bird wings at higher Re maintain a lower & and typically have
higher R, which makes it easier for them to glide, unlike for
insects.

When scaled with Uy, the trends in CL, from most studies show
a decrease with /R, as can be seen in Fig. 11(b). The difference
in the trends in C;, from some studies with respect to the trends
in Cy is on account of the change in the values of Ry/b with /R in
those studies. The relation between EL, and C; can be given by
Cr, = Cp x R;/ b*. For a given wing planform without a root off-
set, the ratio R,/b should remain constant even after changing /R.
However, this ratio may also be affected by the wing offset ratio
i)o, as shown later in Eq. (10). In some studies, the values of Ry/b
have changed with /R. This has resulted in trends in CL, different to
those in Cy.

C. Coupled effects of /R and other parameters

Aerodynamics of a rotating or a flapping wing is determined
by parameters from a large parameter space. There might be many
factors, including Re, Ro, &, and wing shape, that can affect the wing
aerodynamics.13'1‘“1‘59 Kruyt and co-workers, for example, showed
that low- /R wings outperform high- 4 wings in terms of the aerody-
namic forces and power economy if the angle of attack is in the range
a > 20°. However, at lower angles, the high- /R wings outperform

the low-/R wings. Therefore, the values of Cr predicted by various

scitation.org/journal/phf

researchers may not compare well unless all the affecting variables
are maintained to be the same.

For the comparison in Fig. 11, we have tried to extract most
results from the studies on wings in pure rotation with a ~ 45°.
For the flapping wing experiments of Han et al., the values shown
were extracted during the wing sweep motion, during which the
wing was rotated with a near-constant angular velocity and a con-
stant a. Nevertheless, the values of Re from various studies vary
over a very large range of [10°~10"]. Moreover, most computa-
tional studies rotate the wings about their roots, whereas most
experimental studies require a central body to hold and rotate
the wing. The presence of a central body causes the wing to be
offset from the rotation axis, changing its Rossby number. Vari-
ous wing shapes can be described by the characteristic length Ry,
which also affects Ro. The variations in Ro may in turn affect the
LEV as well as the forces, depending on the size of the central
body. 32,60

The coupled effects of 4R and Re were studied systemati-
cally by Harbig et al.”’ They observed that the large-scale vorti-
cal structures over a rotating wing change with both /& and Re.
As can be seen in Figs. 12(a)-12(c), a single LEV is observed at
a low Re, which is observed to split into the dual LEVs, namely,
LEV1 and LEV2, at higher Re. The reason of the split has been
attributed to the growth of the secondary vortex (SV) beneath the
LEV between the two corotating vortex cores. As Re increases, the
strength of the SV also increases, causing the LEV to split at a more
inboard location. This split is followed by vortex bursting at a cer-
tain spanwise location. It should be noted that the LEV structures
in these figures have been shown as the isosurfaces of the constant
Q value.”

Interestingly, Harbig and co-workers observed a similar phe-
nomenon even with an increase in A and a constant Re,

FIG. 12. The LEV structures identified by the isosurfaces of Q over a rotating wing of & = 2.91 are shown at (a) Re = 300, (b) Re = 750, and (c) Re = 1500. Furthermore,
the LEV structures over wings of (d) /& = 2.91, () AR = 5.1, and (f) /& = 7.28 are shown for Re = 300. Figure adapted with permission from R. R. Harbig, J. Sheridan, and
M. C. Thompson, “Reynolds number and aspect ratio effects on the leading-edge vortex for rotating insect wing planforms,” J. Fluid Mech. 717, 166-192 (2013). Copyright

2013 Cambridge University Press.
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similar to that observed by Luo and Sun” and Garmann and
Visbal.”” As can be seen in Figs. 12(d)-12(f), at Re = 300, the
LEV splits at higher /& and the split location shifts inboard
with an increase in /AR. Harbig and co-workers tracked the LEV
split location by systematically varying both Re and & over
a wide range. From their study, they successfully attempted to
decouple the effects of the two parameters by suggesting the
wingspan as an alternate length scale for the Reynolds number.
According to their suggestion, the span-based Reynolds number is
defined as

Rey, = Ugb/v. (9)

Note that the length scale ¢ from Eq. (4) has been replaced with
b. With this modified definition, Harbig and co-workers showed
that the LEV split occurs at approximately the same spanwise
location across a range of /R at constant Re,. This, in turn,
shows that the large-scale vortical structure remains indepen-
dent of AR if Re, is maintained to be constant. Carr et al.”’
also followed the span-based definition of Re and showed that
the spanwise circulation around the LEV at a high rotation
angle (¢ = 120°) was minimally affected between R = 2
and R = 4.

Furthermore, Lee et al.”' found the effects of Ro and AR also to
be coupled. This is because, for the wings with a root offset, the rela-
tion between Ro and AR is affected by the wing-root offset distance.
For the wing models with the normalized root offset of by = by/b
from the rotation axis, the radius of gyration can be approximated

to Ry ~ by/#72+ bo + izg, where 7 is the normalized radius of the
second moment of area of the wing without any offset. Therefore,
the Rossby number in this case will be

Ro~ AR\/# + by + B

(10

(a)

W 7/
BN e =
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This shows that, for a given wing planform (i.e., a constant #3) and a
constant wing offset ratio (i.e., a constant l;o), Ro changes linearly
with AR. However, in some experimental studies, i)o also changes
with a change in A2 due to the extension of the wingspan. Hence,
the variations in Ro in these studies were different from those with a
constant by. This could have resulted in differences in the perceived
effects of AR in various studies.

D. Reconciling the past studies

The first attempt to reconcile the past studies was under-
taken in a remarkable study by Lee et al.”' They classified previ-
ous studies into two groups, depending on their offsets. The first
group involved the “constant #, configurations” of Usherwood and
Ellington,”” Luo and Sun,” and Han et al.”® The second group
involved the “constant AR configurations” or, consistent with the
present notation, the “constant by configurations” of Garmann and
Visbal,”” Carr et al.,”’ Phillips et al,”® and Kruyt et al”’ The
variations in Ro with respect to AR in all of these studies were
different.

In order to reveal the coupling between Ro and /R, Lee and
co-workers simulated four series of configurations. Series-1 was
the root-flapping series with by = 0, in which /R was varied by
extending the wingspan. Series-2 involved a constant by, while /R
was varied by extending the wing chord. Series-3 also involved a
constant by; however, /R was varied by changing the wingspan,
thereby simultaneously changing bo. Series-4 was the constant Ro
series, in which by was changed for each /R such that Ro remained
constant across different /R. By varying both /R and Ro over
large ranges, Lee and co-workers obtained a map of the predic-
tions of Cr, on the plane of /R and Ro, as shown in Fig. 13(a).
These contours are superimposed with the lines showing the
variations in A4 and Ro in Series-1 to 4. Depending on these
variations, the relation between C; and /R may vary, as can be seen

AR

(b) 2.0
1.5 1
|G 1.0
057 —@— Series 1
==X==+ Series 2
«+ 4 = Series 3
mefll  Series 4
00 T T T 1
10 0.0 2.0 4.0 6.0 8.0 10.0

AR

FIG. 13. In (a), contours of C;, are mapped on the plane of 4R and Ro. In (b), the variations in C;, with 4R are shown for various series of configurations. Figures adapted
with permission from Y. J. Lee, K. B. Lua, and T. T. Lim, “Aspect ratio effects on revolving wings with Rossby number consideration,” Bioinspiration Biomimetics 11, 056013

(2016). Copyright 2016 IOP Publishing.
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in Fig. 13(b). Therefore, the choice of optimum 42 may change with
the series.

It should be noted that all the configurations in this study were
simulated at Re = 500, which is close to Re of only small insects.
At this Re, the phenomenon of the LEV-splitting and LEV-bursting
can be observed only for relatively very high /R. However, for larger
insects with higher Re, the LEV split can be observed even at low /A2
(see Lu et al.‘;“), which can affect the variation in Cy. Moreover, most
experimental studies are conducted at higher Re due to limitations
in the force measurements at low Re. Looking at the large variation
in Re across various past studies, an investigation of the combined
effects of /R, Ro, and Re was thought necessary to reconcile those
studies.

In our recent work,’’> the individual as well as combined
effects of these three important parameters were studied. First, the
effect of the span-based Reynolds number on C;, was investigated.
The increase in C; with Re;, was very high in the lower range of
Rey, as can be seen in Fig. 14(a). At higher Rey, Cr changed by
only small amount. The increase in C. was due to the increased
LEV suction as a result of the higher vorticity magnitudes with
increasing Rej,. However, at high Re,, the induced LEV bursting
and splitting resulted in a loss of sectional suction, causing only a
small increase in overall suction. As expected, the variation in CL
was found to be also sensitive to Ro maintaining a similar trend
with Rey,.

The individual effect of Ro was observed by investigating a
large range of Ro at fixed values of Rey,. For the wing of /R = 2.91,
extending Ro over a larger range showed a monotonic decrease in
Cy, as shown in Fig. 14(b). This decrease was due to the weaker
LEV as a result of the reduced Coriolis acceleration'”'" at high
Ro. Here, /R of the wing was maintained to be constant. How-
ever, Bhat et al.’” found the LEV structures to vary with &R, even
at a constant Ro. This is because, to maintain the same Ro, the
offset by had to be adjusted with a change in AR [see Eq. (10)].
Various wing root offsets caused the Coriolis accelerations to vary
across AR even with a constant Ro. As Ro was insufficient in cor-
relating the Coriolis acceleration with &, the scaling of Ro was
revisited.

scitation.org/journal/phf

Since it was established that the wingspan was better cor-
related with the LEV structure, the Navier-Stokes equations for
a wing in a rotating frame of reference were rescaled using b
as the reference length scale. In this case, the vector equation
reduces to

Du (O/Q%) . 1 2
— Q x Qx (Qx Q x
o ey ey ey
- _ # 2
= -Vp+ pUgbv u. (11)

As expected, the viscous term scales with Re;, = pU,b/u. Importantly,
the Coriolis acceleration scaled with Re/b, suggesting a span-based
definition for the Rossby number, i.e., Ro, = R,/b. Using this, it was
confirmed that the LEV structure across various /42 remains similar
at a constant Roy,. .

Using the modified scaling, the work of Harbig and co-workers
was extended to study wider ranges of both /& and Re. It can be seen
in Fig. 14(c) that, at a constant Rey, C;, increases by a small amount
in the low range of /AR and then suddenly decreases beyond a cer-
tain value in a higher range. In other words, at any given Re,, Cy,
is less sensitive to /R only over a certain range. Interestingly, this
range widens with an increase in Re;,. If this range of A is consid-
ered to be optimum purely based on Cp, the optimum range covers
only smaller /R at small Re, and a wider range of /R at higher
Rey,. Coincidentally, these optimum ranges overlap the values of /R
found in nature at the respective Re;,, which might be one of the
important reasons behind the presence of a wide variety of /R at
higher Re,.

With an increase in AR, with b as the reference, the mean
wing chord decreases. This causes a reduction in the area avail-
able for supporting the LEV. Beyond a certain critical value of /&,
the LEV hits the trailing edge and interacts with opposite sign vor-
ticity from the trailing edge (TEV). This interaction weakens the
LEV and reduces the suction over the wing. Therefore, at /R larger
than the critical value, C suddenly drops. It should be noted that,
at higher Re;,, the LEV is narrower due to the increased span-
wise vorticity transport. Therefore, the LEV remains less affected

“o" Re,=300 || ©

—e— Rey= 1000 L1751
—a Reb:4000 1.50F
~
[0 1.25/[—— Rey = 300
Lookl —— Rey, = 1000

—a— Rey = 2000
0.75H —+—  Rey = 4000

0 2000 4000 o5
Reb

75 10.0 D) i 6 8
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FIG. 14. The coupled effects of Re,, Rop, and AR on Cy. Data extracted with permission from Bhat et al., “Uncoupling the effects of aspect ratio, Reynolds number and
Rossby number on a rotating insect-wing planform,” J. Fluid Mech. 859, 921-948 (2019). Copyright 2019 Cambridge University Press. The dashed lines indicate predictions
using the polynomial fit to the data. The wing aspect ratio in (a) and (b) is /& = 2.91. The Rossby number in (c) is Ro = 1.66.
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FIG. 15. The contours of Cy, predicted using the polynomial model, are shown in the 3D space of 4, Rep, and Roy, in (a) on the 4R — Re, planes at Rop, = 0.6, 1, and 1.4

and in (b) on the /R — Ro,, planes at Rep, = 500, 2000, and 3500.

by the TEV over a wider range of A, which results in a wider
optimal range.

Overall, this shows that C; has a coupled effect of Rey,, Rop, and
/R. Based on our CFD data obtained from exploring a wide three-
dimensional parameter space (of ~100 points), a polynomial model
CL= fi(Rep, Roy, /R) was derived using cross-validation and LASSO
regularization. The predictions of C, using this model are plotted
as dashed lines in Fig. 14. Using the same model, the values of Cy,
were predicted in the 3D parameter space of /R, Re,, and Roy,. The
contours of C; on various planes in this space can be seen in Fig. 15.
Clearly, the maximum possible C;, can be observed at a low Roj, and
a high Re,,.

Finally, an attempt was made to reconcile the seemingly incon-
sistent trends in Cr, with 4R from previous studies [see Fig. 11(a)]

by observing the relative variations in Re, and Roy,. Using their
values of AR, Re,, and Roy, the values of CL were predicted with
the polynomial model and compared with their data, as can be
seen in Fig. 16. The model could predict the values of C; within
10% accuracy, approximately, for most of the past results. Although
the predictions deviate from the data of Usherwood and Elling-
ton”* and Carr et al.”” at a few points, overall, the model appears
to predict the values well. Some deviations in the predictions are
observed for the higher range of /R in the cases of Luo and
Sun,” Garmann and Visbal,” and Jardin and Colonius.”’ This
might be owing to the fact that « used by Luo and Sun” and
Garmann and Visbal” are 40° and 60°, respectively, whereas the
present model is based on the cases with a = 45°. Moreover,
the lift in the high-4R cases of Jardin and Colonius’' had not

1.87

1.67

1.2

FIG. 16. The variations in C; reported
by previous researchers are compared
with the predictions using the polyno-
mial model, shown by open symbols and
dashed lines of the corresponding colors.

—e— Usherwood & Ellington (2002) —«— Harbig et al. (2013)
—— Luo & Sun (2005)

—— Harbig et al. (2012) —=— Carr et al. (2015)
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stabilized even after the rotation of 180°, unlike that observed in
other studies.

Broadly, it can be concluded that consideration of the com-
bined effects of &, Re,, and Ro;, helps reconcile seemingly con-
flicting past aspect-ratio studies. It is also clear from this study
that direct comparisons of the results from previous studies can
be made only when the values of their /R, Re,, and Ro, are
matched.

It should be noted that the data of Shahzad et al. and
Phillips et al. have not been included in the comparison due to
ambiguity in their C;. values as mentioned earlier. Moreover, the
present model does not predict the C; values well for Re, in
a higher range (>10°), such as those in the case of Han et al.
(2015) and Kruyt et al.”’ Further exploration of this range of
Rey, is necessary, first, to verify whether the span-based scaling
governs the flow physics well even in this range and/or, second,
to derive or modify the model to predict C; accurately in this
range of Re,.

E. Future directions

It should be noted that the present analysis is indeed lim-
ited to the hovering wings. In the case of the forward flight, the
advance ratio, i.e., the ratio of the forward speed to the mean wing
tip velocity (J = V/U;), is considered to be an additional param-
eter that affects the mean lift.”"' Given a mean reference veloc-
ity, an increase in J causes the mean lift coefficient to decrease.”
J and AR have been found to have coupled effects on the mean
lift coefficient and the LEV stability. Hence, the present model
will have to be modified to include the effects of J. Moreover,
the wing flexibility has been observed to enhance Cr,”’ which
should be taken into consideration while predicting Cy, for flexible
wings.

The present model predicts broadly consistent Cy, in the inves-
tigated ranges of /R, Re;,, and Ro,. However, at very high Re,, the
LEV over high-/& wings will tend to be more unstable, resulting
in an early burst. Beyond a certain range, the effect of wingspan
will be insignificant and the flow will approach that over a two-
dimensional wing, where the span-based scaling of LEV may not
be applicable. An extended range of Re, needs to be explored
in future to investigate the transition from the span-based scal-
ing to the chord-based scaling. Moreover, at very low Re, the
L/D ratio drops rapidly and the viscous diffusion effects are very
large, affecting the LEV structure.”’ It might be interesting to see
whether the span-based scaling can be applied to the flow at such
low Rey,.

Furthermore, the present model is developed based on the
constant angle of attack (a = 45°). Some previous studies™*
have incorporated different «, for which the present model may
not predict the forces accurately. Moreover, Kruyt et al.” have
shown that, at high Re, large- R wings benefit from lower angles
of attack to achieve high L/D ratios. Hence, the present model
might be improved by combining the results, for example, of Sane
and Dickinson” to involve the effect of « on the aerodynamic
forces.

Finally, the understanding of the physics behind the LEV
development, its growth, and burst is important in understanding
its effects on the aerodynamic forces. The analysis of various terms
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in the vorticity transport equation applied to the LEV for vari-
ous AR, Rey, and Ro, might help linearize the functions f(/R),
g(Rep), and h(Royp,) (see Appendix C), which in turn will result in
fewer polynomial terms of the model. Hence, the present empir-
ical polynomial model might be simplified using this detailed
analysis.

IV. CONCLUDING REMARKS

This review presents a comprehensive overview of previ-
ous studies on insect-wing aspect ratios. Measurements of real
insect wings show that there is a wide variety of aspect ratios
found in nature. In terms of flow structures, studies present-
ing the effects of /& over rotating or flapping wings are broadly
consistent. The leading-edge vortex (LEV) over a wing, which is
responsible for the high lift, is observed to split at higher /R.
Moreover, the increase in the LEV cross-sectional size along the
span causes the LEV to reach the trailing edge without reattaching
and then weaken through the influence of the opposite sign
vorticity from the trailing edge for /2 > 3. Thus, some studies
predict /R = 3 to be optimal based on the mean lift coefficient
of the wing (Cr). On the other hand, other studies present dif-
ferent conclusions. The inconsistencies in these trends have been
reviewed by further studies, which indeed reveal that they are
due to the coupled effects of the simultaneous but different vari-
ations in Reynolds and Rossby numbers between sets of experi-
ments. Taking this further, recent work shows that the flow struc-
ture over an insect wing better correlates with modified Reynolds
and Rossby numbers based on wingspan. Moreover, this scaling
also helps better reconcile apparent differences in the Cr- AR trends
recorded in a variety of previous studies. This review highlights
that the direct comparisons of the previous results showing A
effects on the wing aerodynamics are only possible if the values
of the aspect ratio, Reynolds number, and Rossby number are
matched.
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APPENDIX A: DATA FROM PREVIOUS STUDIES

The data for the geometrical and kinematic parameters of wing
models in various aspect-ratio studies have been shown in Table I.
The symbol * denotes the values calculated based on the available
data.

APPENDIX B: INSECT WING GEOMETRIES
AND KINEMATICS

The data for the geometrical and kinematic parameters of vari-
ous insects mentioned in previous studies have been summarized in
Table II.
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TABLE 1. Insect data obtained from the work of Weis-Fogh,” Ellington,*> Ennos,%® and Zanker.“®

scitation.org/journal/phf

Literature Animal n(Hz) 2¢4 (rad) b(mm) R Re 2
Plecotus auritus 13 2.09 120 2.09 14000 0.500
Archilochus colubris 52 2.09 45  3.00 6400 0.500
Amaxilia fimbriata fluviatilis 35 2.09 59 295 7500 0.500
Patagonia gigas 15 2.09 130 3.02 15000 0.500
Melolontha vulgaris 62 3.14 28  2.80 4700 0.500
Amphimallon solstitiale 78 3.14 20 2.86 3000 0.500
Heliocopris sp. 38 3.14 70 2.92 17000 0.500
Heliocopris sp. 41 3.14 77 2.85 23000 0.500
Cetonia aurata 103 3.14 22 3.14 4300 0.500
Cerambycidae species 80 3.14 155 323 1600 0.500
Sphinx lingustri 30 2.09 50 2.17 6300 0.500
Manduca sexta 27 2.09 54 2.16 6700 0.500
. Manduca sexta 29 2.09 50 2.17 6100 0.500
Weis-Fogh (1973) - croglossum stellatarum 73 2.09 21 210 2800 0.500
Amathes bicolorago 50 2.09 16 145 1600 0.500
Vespa crabro 104 2.09 243 264 4200 0.500
Vespula vulgaris 143 2.09 132 275 1600 0.500
Bombus terrestris 156 2.60 17.3  2.37 4500 0.500
Bombus lapidarius 143 2.60 16.6 2.37 3700 0.500
Apis mellifica 240 2.09 10 2.33 1900 0.500
Encarsia formosa 400 2.36 062 270 15 0.577
Tipula sp. 53 2.09 173 3.76 770 0.500
Theobaldia annulata 262 2.09 63 394 480 0.500
Aedes aegypti 600 1.83 2.5 3.57 170 0.500
Eristalis tenax 182 2.09 12.7  2.65 2000 0.500
Calliphora erythrocephala 159 2.09 9.7 262 1000 0.500
Amaxilia fimbriata fluviatilis 585 390 6100 0.487
Ficedula hypoleuca 100 2.21 11000 0.503
Manduca sexta 51.8 2.74 5400 0.499
Ellington (1984)  Apis mellifica 9.8 337 1600 0.544
Tipula obsoleta 13.7 523 630 0.603
Eristalis tenax 11.4 3.58 1600 0.534
Aeshna juncea 474 582 1900 0.567
Tipula paludosa 59 1.95 17 524 5975 0.598
Bibio marci 99 2.43 112 3.34 4304 0.552
Conops strigata 144 2.51 7.7 395 2053 0.593
Ennos (1989) Eristalis tenax 183 1.50 11.5  3.65 2399 0.534
Calliphora vicina 117 2.62 92 293 3416 0.540
Simulium 183 2.60 326 259 445 0.519
Drosophila melanogaster 254 2.37 202 314 142 0.545
Zanker (1990) Drosophila melanogaster 218 1.22 247 291 101 0.573

APPENDIX C: POLYNOMIAL MODEL FOR C,

PREDICTIONS

Previous studies have shown that the flow structure and the
mean lift coefficient of a wing changes with /&, Re, and Ro. Our
previous study’” showed that the effects of 42 on the flow struc-
ture can be decoupled using the span-based Reynolds and Rossby

numbers, i.e., Re, and Roy, respectively. In that study, predictions
of Cr, were obtained over a three-dimensional parameter space of
ranges 1.8 < /R < 7.3,75 < Re, < 4000, and 0.5 < Ro,, < 3, covering
those for most insects and wing models in the literature. These data

were used to fit a polynomial function P such that

Cr(preay = P[f(AR).g(Rey), h(Rop)],

Phys. Fluids 31, 121301 (2019); doi: 10.1063/1.5129191

Published under license by AIP Publishing

31,121301-16


https://scitation.org/journal/phf

Physics of Fluids

where
f(R) =R, and h(Ro,) =log(Roy).
(C1)

Here, f(R), g(Rey), and h(Ro,) are the functions of /R, Re,, and
Roy, respectively, used to linearize the variables with respect to Cy.
In order to construct the model P, first, a polynomial model of
the 4™ order is built with all the possible terms in f(AR), g(Rep),
and h(Ro,) as variables. Furthermore, the LASSO (least absolute
shrinkage and selection operator) method is used for the variable
selection and regularization. This method helps fitting the data
with only selected variables, rather than using all of them. As a
result, the polynomial function P reduced to a linear combination
of 15 variables with their corresponding coefficients, as shown in
Table III.

g(Rey) = log(Rey),

TABLE lll. The polynomial model P was derived as a linear combination of the
following terms.

Term Coefficient

AR) —0.020131
g(Rey) 0.179 068
h(Roy) —0.015914
g(Rey)h(Royp) —0.063995
Sf(AR)g(Rey)h(Roy) —0.008 485
F(AR)[h(Roy)]? 0.021 444
(AR ~0.000 008
[f(AR)’g(Rey) ~0.000086
[f(AR)]*h(Roy) 0.001 084
[A(R)][h(Roy)]? 0.003 366
f(R)[g(Re) T 0.000 063
[g(Rey)]* ~0.000 066
[g(Rey)]*[1(Roy) ] ~0.003224
g(Rey)[h(Rop)]’ 0.032481
(h(Rop)]* ~0.056562

1.25¢

Actual C, values

1.00f

0.8 1.0 12 14 16 18
Predicted values with the polynomial model

FIG. 17. The comparison of the actual C;, values and the predicted values using
the polynomial model.

REVIEW scitation.org/journal/phf

Approximately 100 datapoints were used to fit the model. The
comparison of the predictions and the actual values can be seen in
Fig. 17. The rms error of this model was 0.604, and the R? value of
the model was found to be 96.9%. Using a lower-order polynomial
resulted in higher rms errors and lower R* values. The predictions
using the polynomial model followed nearly the same trends, which
were expected with the given range of variables, as can be seen in
Fig. 14.
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