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A coupled Landau model describing the Strouhal-Reynolds number profile
of a three-dimensional circular cylinder wake
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A known bifurcation scenario describing the development and interaction of Mode A and Mode B
vortex shedding modes of a circular cylinder wake is extended to predict the Strouhal—Reynolds
number profile over the three-dimensional transitions. The mode amplitudes are described by
coupled Landau equations and, with frequency information being included by the addition of
complex coefficients, the model predicts the discontinuous nature of the Strouhal-Reynolds number
shedding profile of the circular cylinder wake throughout the laminar three-dimensional transition
regime. The model coefficients are determined from computations of the three-dimensional modes
of a circular cylinder wake. €003 American Institute of Physic§DOI: 10.1063/1.1597471

The transition to three-dimensionality in the wake of analysis to the two-dimensional vortex shedding wake of a
bluff bodies is of great importance to myriad physical engi-circular cylinder by Barkley and Hendersdin 1996, gave
neering and scientific problems, and as such, the phenonpredictions of the critical Reynolds numbers for the three-
enon has been afforded much attention through a great bodyimensional transitions pertaining to both Mode A and Mode
of research over many decades. B, as well as correctly identifying the respective spanwise

The canonical problem for research into bluff body wakewavelength and spatiotemporal symmetry characteristics of
flows has been the flow around a straight circular cylinderthe transition modes. They predicted Mode A to first become
Wi”iamson,l in 1988, identified two Stages in the transition unstable to perturbations with a spanwise Wave|ength of
to three-dimensionality of the vortex-shedding wake behind; 9gj at Re~188.5, and the onset of Mode B to occur for
the circular cylinder. The stages are characterized by discoryertyrbations with a spanwise wavelength of 022t
tinuous transitions in the Strouhal-Reynolds number profilegeo5g.
coupled with the evolution of spanwise periodic deforma- e nonlinear behavior of the three-dimensional transi-
tions of the two-dimensional vortex-shedding street. The firslﬁOn modes of the wake of the circular cylinder was first
transition, resulting in a discontinuous and hysteretic reducl'nvestigated by Henderson and Barkfeiyy 1996. They de-

tion in the Strouhal frequency of shedding, has bepom ermined the complex Landau coefficients and ascertained
known as Mode A. The Mode A wake sees the inception o - "
. . . : whether the modes occurred through supercritical or subcriti-
streamwise vortex loops in the braid region between succes-_ " . . . -
cal bifurcations. The linear coefficients of the Landau equa-

sive rollers in the vortex shedding street, and the spanwisg . . .
9 P fion were in agreement with the growth rates determined

wavelength of the repeating three-dimensional structures Ifsrom stability analysis, and an analysis of the cubic coeffi-

approximately four cylinder diameters @} The transition : ) L I .
to Mode A occurs over a hysteretic Reynolds number rangglents provided the criticality of the transitions. Consistent

of approximately 186:Re<190, and the subsequent transi- with previous observations, the Mode A transition was found
tion to the Mode B wake occurs gradually over an approxi—to occur through a subcritical bifurcation, indicating a hys-
teretic transition. The Mode B transition was found to occur

mate Reynolds number range 23Re<2652 The Mode B " X : . .
wake pattern has a much shorter spanwise wavelefagth through a supercritical bifurcation, consistent with a nonhys-

proximately 1), and the transition to Mode B sees a gradualt€rétic transition. _ _
transfer of energy from Mode A to Mode B wake structures, ~ 1he Landau model has been applied successfully to vari-
coupled with an increase in the Strouhal frequency of shed@Us two- and three-dimensional transition modes in fluid me-

ding near to the continuation of the laminar two-dimensionalchanics applications. Provansal, Mathis, and BAyer1987,
Strouhal profile. used the Landau equation to model the Hopf transition of a

Three-dimensional numerical computations by Thomp-steady circular cylinder wake to an unsteady wake at around
son, Hourigan, and Sheriddrin 1996, provided striking vi- Re=48.6. The criticality of the asymmetric regular and Hopf
sualizations of the three-dimensional structure and spanwigéansitions of the wake of a sphere were also accurately de-
wavelength of the Mode A and Mode B wake structures, agermined, in 2001, by Thompson, Leweke, and Provahsal,
well as divulging the spatiotemporal symmetry of the wakesand Ghidersa and Dek.?’

Visualizations from similar computations have been pre- In 2000, Barkley, Tuckerman, and Golubit$Rysug-
sented by Zhanet al,* in 1995, and Hendersdnin 1997. gested a bifurcation scenario consisting of coupled evolution

A landmark application of a linear Floquet stability equations for the amplitudes of the Mode A and Mode B
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instabilities in the wake of a circular cylinder. The coupledof the modes through saturation. The calculation of these
evolution equations coefficients is relatively simple, as they Lnéay be calculated
A A independently for Mode A and Mode B. Tleg term is sim-
An+1= 1 (ROAN+ | Agl*An+ 71| Byl *Ag ply the Landau constant of the Mode B transition, and as we
+ah| Anl*An, model the Mode B transition with a cubic truncation of the
(1) Landau model, the value of the congficient may be deter-
mined by following the analysis of Dek et al,™ in 1994,

are, essentially, truncated discrete Landau equations, incoffl—nd Le Gal, Nadim, and Thompsofiin 2001. By assuming

; . : ' at saturationB=pg exp(i®®) in a cubic truncation of the
order rancation & suficent o modelthe subertical onset of-2K34 €quaton for Mode 8 alone, whepe =|3| anc
. o e ddB/dt=w®, the Landau constant can be expressed as a
Mode A, and a third order truncation is sufficient to modelfunction of the global system parameters®=(w?
the supercritical onset of Mode B. These Landau equations, J Y P 1

) ; ; . ~ wo )l o®, wherew?, is the saturated oscillation frequency.
incorporating third order coupling, are a normal form for the )

. . : These global parameters are determined from a three-
simultaneous bifurcation of Modes A and B. In order to

L - dimensional computation including only Mode B.
model Strouhal frequency variation of the transition modes, . A A A A
For calculation of thexy, @5, c7', andc’ terms of the

the coefficients in Eq(1l) are expanded into the complex . . I . .
. guintic Mode A transition model, two pairs of equations are
plane, and are evaluated for computed Strouhal frequencwf‘% )
of the saturated three-dimensional modes ormgd f_or separate cpmpqtatlons O.f t_he Mode A wake. By
i substitutingA= p, exp(i®?) in the quintic Mode A Landau

The values of the coefficients will be discussed later, . . . .
L . equation, neglecting the coupling term and grouping real and
however it is pertinent to note th&t, andB,, represent the . : . .
imaginary parts, the relationships

complex amplitudes of Mode A and Mode B, respectively,
for thenth oscillation period. The. andu® coefficients are
the real Floquet multipliers of the linear instabilities of the 0=+ afpi+ a5ph,
cylinder wake, and the:; and e coefficients are the cubic 3)
coefficients of the Landau model from the Hendefssindy.
The a§ term is the additional quintic coefficient required to
describe the saturation and hysteresis of Mode A, and finally
the 94 and ¥ coefficients determine the mode coupling of result for the sine and cosine coefficients.
the system, and have been estimated from experimental The global parameters)”, wéat, o”, andp,, are deter-
observationsof the transition from Mode A to Mode B in  mined for computations at two discrete Reynolds numbers in
the circular cylinder wake. the Mode A transition regime, not far in excess of the critical
In order to incorporate temporal information into the Reynolds number, and the two pairs of equations are solved
coupled amplitude equations, we replace the evolution amipr the four unknown Coefﬁcientsa{i\' afz\, c’l*, and C/é\-
plitudesA,, andB, with complex amplitude# andB, and in  From the calculated values ef' and«5, the predicted Rey-

addition, the evolution equations are recast in the familiaholds number range of hysteresid Re") may be found
differential equation form of the Landau equations. From thergm

Floquet multiplier definitionu=exp(T), we insert the lin-
ear growth rate coefficiento) into the Landau equations,

Bns1=1B(Re)B,+ af|B,|?B,+ 5| An|°By,

_ A__ A, AA 2 _AA 4
0= "~ wgit a1CIpa+ a3Copa,

A2
whereT is the period of oscillation of the two-dimensional _ —(a7)
: = A Re'= , (4
shedding mode, giving dmpa’
dA — A i A A i RA 2
o ~Lo (RO i ]A+ay(1+icy)|AlA wherem, is the gradient of the growth rate;*(Re). The
values determined for the present study predi®e*~16.2,
+y0(1+id9)[B|?A+ a5(1+icH)|A]*A, which is of the same order as the estimationAoRe*~10
4B (2)  from Hendersors.Note that this figure is solely determined
a=[UB(Re)+ iwB]B+ a?(1+ic?)lBlzB from the pair of computations of Mode A above the critical
Reynolds number.

The real coupling coefficients are determined by using
the experimentally observe&eynolds numbers for the first-
In Eq. (2), the angular frequency of the modes for infinitesi- occurring instance of Mode B, and the last-occurring in-
mal amplitudes is given by”=wB=w=27/T, whereT is  stance of Mode A, in the cylinder wake. The coupled Mode
the period of oscillation. A and Mode B equations are each evaluated at the Reynolds

The linear complex coefficients,” and w®, are func- numbers at which their corresponding wake structures are
tions of Reynolds number, and provide the angular oscillalast observed and first observed, respectively. For Mode A
tion frequency in the linear regime of the transition modesand Mode B, these critical Reynolds numbers aré;SRe
corresponding to the laminar Strouhal number profile of the~260 and RE~ 230, respectively. Substitutirié\|=0 and
two-dimensional vortex shedding street. The complex coeftB|=0 in the Mode A and Mode B equations, respectively,
ficients,c’f, 0’2*, and c?, determine the frequency behavior and solving for the coupled coefficients gives

+95(1+id®)|A|%B.
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TABLE I. Values of coefficients determined for the present model.

Sheard, Thompson, and Hourigan

numerical calculations, employing the same form as the uni-
versal laminar Strouhal-Reynolds number profile proposed

Coefficient value by Williamson®® in 1988.
A 1.699< 10" ¥(Re-187.41) The higher-order complex coefficients are determined
N 4.868<10 (Re~258.24) from computations of the evolution and saturation of three-
o™ and w 2m(8.539< 10~ ° Re+0.1999- 4.009/Re) . . .
oA 1.203¢ 16° dimensional wakes corresponding to the Mode A and Mode
a%\ 1313107 B instabilities. Computations at Reynolds numbers-R85
o —7.207x 16° and Re=200 were employed to evaluate the coefficiecnﬁs
A —1.048< 10° and c’z* for the Mode A instability. A computation of the
75 1.033¢< 10° Mode B wake at Re265 was used to evaluate the coeffi-
E}\ :01;);756 cient c?. Values for the complex coupling coefficient!;f
C% 8.342x 10 2 andd?, were chosen to equate the computed Strouhal fre-
dh —02 quencies at the last appearance of Mode A, and the onset of
d? -0.25 Mode B, respectively, with experimentally obtained
frequencies.
The coupled complex amplitude equations proposed here
are solved simultaneously by employing a third order
B A Adams—Bashforth scheme, giving
N URe=RqAast_ *10Re=Re | At
! |BRe:Re@sJ2 UFB“FR‘ﬁst ' Ai+l:Ai+1_2[23fiA_16f{_\71+5f{-\72]1
— o0 2ab0° ® At B B B v
B Re=R irst 27 Re=R irst Bi+l:Bi+1_2[23fi _16fi—1+5fi—2]l
V1= 2= :
|AR€CRer?rst| ay+ \/(a?)2—4a§o-ﬁﬂ > wheref® and 2 denote the right hand sides of the complex

) i coupled Landau equations evaluated atithgime step. The
The mode amplitude norm#\| and |B| in the present g mniotic frequency information may be evaluated from the
study are obtained from th_ree-d_|men5|0nal computations and.+ ,rated mode amplitudes directly, however, a future expan-
are evaluated by the relationship sion of the present model intends to include a spanwise dif-
12 fusion term to model long-wavelength three-dimensional
' (6) wake patterns, in a fashion similar to the complex Ginzburg—
Landau model applied to bluff ring wakes by Leweke and
Provansal? in 1995. The future expansion necessitates tem-
poral integration of the model, and the Adams—Bashforth
cross section of the computational domain in ¥key plane, method is implemented here for the purpose of validation.
andw” is the spanwise Fourier coefficient of thevelocity =~ The Adams—Bashforth method maintains an accuracy of or-
field corresponding to the wavelength of the mode in quesder At*, as verified by a brief temporal resolution study that
tion. This amplitude quantity, while not strictly a global determines the stability and accuracy of the present numeri-
wake property(due to truncation of the mode at the compu- cal formulation. Temporal stability was achieved for time
tational domain outlet has been employed successfully for stepsAt<0.125. The computed Strouhal frequency was used
circular cylinder wakes by Hendersdin 1997, and Thomp- to monitor convergence of the model. At a time stepAaf
son, Leweke, and Provandain 2001. Differences in both =0.125, the computed Strouhal frequency was within
the integral chosen to evaluate the amplitude norm, and th@.032% of the Strouhal frequency computedAdt=9.766
choice of normalizing coefficient result in a quantitative dif- X 10~ *. The present study employs a time stepAdf=0.1,
ference between the values obtained for the present studmaintaining an accuracy of better than 0.025% and temporal
and the study of Barkley, Tuckerman, and Golubittkgs  convergence over the Reynolds number range being investi-
well as resulting in a large discrepancy between the present gated.
andy parameters, and previously obtained valtféghe am- The evolution equations of Barkley, Tuckerman, and
plitude norm magnitudes are arbitrary, and the qualitativeGolubitsky'® predict a bifurcation diagram showing three
comparison between the present and previous Wasksimi-  distinct three-dimensional mode branches for increasing
lar, suggesting that a high degree of computational accuradgeynolds number. The present model predicts the same be-
exists for both studies. havior, as displayed in Fig. 1. Notice the hysteresis at the
Table | summarizes the values of the coefficients of theonset of the Mode A branch for 18(Re<188, and the
complex amplitude equations employed in this investigationmixed A/B branch for 23& Re<260 as energy is transferred
All real coefficients have been calculated from three-from Mode A to Mode B.
dimensional computations performed to complement the The present model evaluates the frequencies associated
present study. The complex coefficients of first-order termsvith the modes from the evolution equations in E).*°
are derived from a parallel vortex shedding Strouhal-Strouhal frequencies are determined at incrementA Be
Reynolds number relationship determined from the present1 through the Reynolds number range<d8e<300. Over

|A|E chyIinderJ'Q|WA|2dQ

where|A| is the amplitude of the mode in questioH cyjnger
is a normalizing coefficient set to unity for simplicit), is a
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number data, corrected for parallel shedding by
Williamson*2in 1988, are included for comparison.

Despite only evaluating the complex model coefficients
for Strouhal frequencies in the vicinity of the Mode A and
Mode B transitions, the computations presented here show

that a remarkable qualitative agreement is observed between

0.008 the experimental Strouhal—-Reynolds number profile of a cir-
cular cylinder wake through the three-dimensional transition
0.006 |- regime, and the Strouhal frequencies determined using the
present coupled Landau model. The shedding frequency of
0.004 both Mode A and Mode B are very well predicted by the
present model for Re260. The constant Strouhal frequency
0.002 - of St=0.203, observed experimentally for R260, differs

Re

-0.002 : :
150

FIG. 1. Amplitude norm (JA[?+[B[?) variation with Reynolds number,

300

from the increasing Strouhal frequency predicted by the
model, probably due to longer-span instabilities that lower
the shedding frequency from that of the pure Mode B wake
computed for the coefficients of the present model. The two-
dimensional shedding Strouhal profile also lies in good
agreement with the corrected experimental data for parallel

computed using the proposed coupled Landau model for Modes A and Bshedding
Dotted lines indicate the amplitudes of the uncoupled A and B branches: '

Time-averaged values are provided for 23%e<260, due to fluctuation of

the amplitude norm measurements in that range.
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