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Observations have been made of the time-mean velocity proﬁle at midspan in the
near-wake of circular cylinders at moderate Reynolds numbers between 600 and 4600,
well beyond the Reynolds number of approximately 200 at which the wake becomes
three-dimensional. The measured proﬁles are found to be represented quite accurately
by a family of function proﬁles with known linear instability characteristics. The
complex instability frequency is then determined as a function of wake position,
using the function proﬁles. In general, the near wake undergoes a transition from
convective to absolute instability; the distance downstream to the point of transition
is found to increase over the Reynolds number range investigated. The emergence of a
signiﬁcant region of convective instability is consistent with the known appearance of
Bloor–Gerrard vortices. The selected frequency of the wake instability is determined
by the saddle-point criterion; the Strouhal numbers for Bénard–von Kármán vortex
shedding are found to compare well with the values in the literature.

1. Introduction
The application of linear stability analysis has greatly advanced our understanding
of shear ﬂows. The analyses of time-mean velocity proﬁles focused initially on plane
mixing layers, as characterized by the hyperbolic-tangent proﬁle (Michalke 1964,
1965a, b). Subsequent application to the near wake of bluﬀ bodies was undertaken.
Early linear stability analyses, based on time-mean velocity proﬁles, concentrated
on the fully developed wake far downstream of the body, such as those by Sato &
Kuriki (1961) and Mattingly & Criminale (1972). Using inverted top-hat velocity
proﬁles, Koch (1985) and Monkewitz & Nguyen (1987, hereafter referred to as MN)
investigated the nature of the stability in the near wake. Betchov & Criminale (1966)
and Mattingly & Criminale (1972) conjectured that the response of the ﬂow to
small perturbations is dominated by the resonance between a downstream- and an
upstream-travelling instability wave. The ampliﬁcation or damping of this resonance
is related, respectively, to the absolute or convective character of the instability, as
discussed by Briggs (1964).
Much of the earlier work on wake instability, as reviewed by Huerre & Monkewitz
(1985), was stimulated by the studies of instabilities in plasmas by Briggs (1964) and
Bers (1975). The concepts of absolute and convective instabilities were found useful
in characterizing wakes and their response to perturbation. These characteristics are
determined by the impulse response of a ﬂow, which is deﬁned as the instability-wave
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ﬁeld generated by a concentrated pulse in space and time. If an impulsively
generated small-amplitude wave packet grows exponentially at the location of its
generation, the ﬂow is absolutely unstable. However, if that wave packet grows as it is
convected downstream and leaves the ﬂow at the location of its generation ultimately
undisturbed, the ﬂow is convectively unstable.
Betchov & Criminale (1966) and Koch (1985) conjectured that the Bénard–von
Kármán vortex formation is an intrinsic response of wake ﬂows arising from the
absolute nature of the wake instability. The experiments of Provansal, Mathis &
Boyer (1987) and Strykowski (1986) at Reynolds numbers near the onset of the
Bénard–von Kármán vortex formation supported the idea that the vortex formation
process is the result of self-excited oscillations of the wake. The self-excited nature is
indicative of an absolute instability, which in turn explains the diﬃculty in suppressing
the Bénard–von Kármán vortex formation by external excitation (Monkewitz 1974).
Furthermore, the investigation by Chomaz, Huerre & Redekopp (1988) with a
Ginzburg–Landau model equation showed that a local absolute instability is a
necessary though not a suﬃcient condition for a global mode to become self-excited.
They found that the region of local absolute instability has to reach a ﬁnite critical
size before the wake achieves self-excitation, the size of the region being dependent
on a global control parameter such as the Reynolds number. Using a two-parameter
family of functions to represent the time-mean velocity proﬁles of the cylinder wake,
Monkewitz (1988) solved the Orr–Sommerfeld equation and deduced the absolute or
convective nature of these proﬁles on a locally parallel basis as a function of the two
parameters. These functions were then used to ﬁt the measured time-mean velocity
proﬁles from Nishioka (1973) and a numerical-simulation proﬁle from Fornberg
(1980) for various Reynolds numbers below and above the onset of the Bénard–
von Kármán vortex formation. In this manner, it was shown that at the onset, a
suﬃciently large region of absolute instability had already formed in the near wake
of the cylinder.
The calculations of Monkewitz (1988), however, could not yield a unique Bénard–
von Kármán vortex frequency. This is because, as the mean ﬂow develops spatially,
a unique mode grows temporally in place at each downstream position within this
substantial absolutely unstable region. An additional global mode selection criterion
was therefore required to select the mode that corresponds to the observed global
response. This issue is tackled in the analysis by Pierrehumbert (1984) in the context
of atmospheric ﬂows, and by Koch (1985) and MN in the context of inviscid,
incompressible and locally parallel wake ﬂows. Others have also made the connection
between the global wake frequency and the absolute instability frequency curve derived
from measured or model wake proﬁles (Betchov & Criminale 1966; Triantafyllou,
Triantafyllou & Chryssostomidis 1986; Monkewitz 1988; Hannemann & Oertel 1989;
Karniadakis & Triantafyllou 1989; Huerre & Monkewitz 1990; Huerre & Rossi 1998).
A number of conjectures were made on the determination of the frequency of the
global instability: Pierrehumbert (1984) proposed that the fastest growing resonance
between the upstream and downstream instability waves dominates the absolutely
unstable ﬂow; Koch (1985) proposed that any downstream point where the local
instability character changes from an absolute to a convective nature could act as a
reﬂector for instability waves; MN introduced the initial resonance criterion (IRC),
which states that the ﬁrst local resonance with a non-negative absolute growth rate
that the ﬂow encounters will dominate the wake (see Pier et al. 1998 who ﬁrst discussed
the validity of the IRC as a fully nonlinear theory). The IRC is the bluﬀ-body wake
counterpart of the initial maximum growth rate criterion applied to convectively
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unstable mixing layers (Ho & Huerre 1984). The inverted top-hat velocity proﬁle
represents the limit of the initial velocity proﬁle from a bluﬀ body, and so was used
in the studies by Koch (1985) and MN. These criteria are however largely ad hoc.
More recently, a criterion for frequency selection has been established in a strictly
linear setting (Chomaz, Huerre & Redekopp 1991; Monkewitz, Huerre & Chomaz
1993; Le Dizès et al. 1996). With this criterion, the complex global frequency is
given by a saddle-point condition based on the analytic continuation of absolute
instability frequency in the complex x = (xr , xi )-plane. In the case of the wake of a
blunt-edged plate, Hammond & Redekopp (1997) obtained an accurate prediction of
the frequency selected by the system based on the saddle-point theory applied on the
time-mean ﬂow. Consistent with this result, Pier (2002) found that the time average
of the oscillating wake provided the best proﬁle from which to predict the vortex
shedding frequency for a similar conﬁguration in the case of Reynolds number up to
200. Barkley (2006) has recently undertaken accurate two-dimensional (global) linear
stability analyses of the mean ﬂow of vortex shedding from a circular cylinder for
Reynolds numbers between 46 and 180. His analysis found that the eigenfrequency
of the time-mean ﬂow tracked closely the Strouhal number of vortex shedding,
consistent with the ﬁndings of Hammond & Redekopp (1997) and Pier (2002).
Thiria & Wesfreid (2007) have similarly investigated the measured time-averaged
ﬂow as the base state to account for the stability properties of wakes under forcing
conditions. Sipp & Lebedev (2007) have undertaken a global weakly nonlinear analysis
valid in the vicinity of the ﬁrst Hopf bifurcation at around Re = 47. They ﬁnd that
two conditions, involving parameters related to the nonlinear interactions in the wake,
need to be satisﬁed: (a) for the time-mean ﬂow to be approximately marginally stable,
and (b) for the stability of the time-mean ﬂow approximately to yield the nonlinear
frequency of the limit cycle. The physical meaning of these two conditions is that the
saturation process on the limit cycle is linked to the mean ﬂow harmonic. The results
of Sipp & Lebedev (2007) provide theoretical support to the numerical observations of
Barkley (2006), and the current study which is extended to higher Reynolds numbers.
In contrast, linear stability analysis of the steady base ﬂow provides eigenfrequencies
that are quite diﬀerent at these low Reynolds numbers and increasingly so as the
Reynolds number is increased. However, use of the nonlinear stability criterion on
steady base ﬂows, determination of ‘elephant’ modes, and in some cases comparison
with other stability criteria, have been presented by a number of researchers and
shown to produce reasonable results (Chomaz 2003; Gallaire et al. 2006; Lesshaﬀt
et al. 2006; Marquillie & Ehrenstein 2003; Pier et al. 1998; Pier & Huerre 2001a, b;
Pier, Huerre & Chomaz 2001; Pier 2002; Barkley 2006). It is interesting to note that
Pier & Huerre (2001a) showed that the IRC criterion of MN is the one that selects
these nonlinear ‘elephant’ modes.
In the present article, the analysis is focused on the time-mean ﬂows and the use
of local linear stability analysis and the saddle-point criterion to determine the global
frequency selection in the wake of circular cylinders.
1.1. The scope of the present study
The unanswered questions that arise from the previous studies are:
1. Is the saddle-point criterion capable of determining the global instability
frequency for observed time-mean cylinder wakes at Reynolds numbers beyond the
previously examined limit of 200, where the time-dependent wakes become threedimensional?
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2. How applicable are the MN 1/N proﬁles in the determination of wake stability
characteristics, and can they be used to avoid the necessity of solving the Rayleigh
equations?
3. How does the point of transition from convective to absolute instability vary
with Reynolds number?
4. Does the emergence of a signiﬁcant region of convective instability align with
the appearance of Bloor–Gerrard vortices (Bloor 1964) as reported in the literature?
To address the above questions, detailed observations of the time-mean velocity
proﬁles in the near wake of a circular cylinder were made. The measurements
were taken using a hot wire mounted on a traversing mechanism with high spatial
resolution. The measured proﬁles were ﬁtted with the two-parameter family of
functions, the instability characteristics of which had been determined in the study
by MN. The evolution of the character of the near-wake instability, in particular the
applicability of the saddle-point criterion for mode selection, was then studied. The
presence of a convectively unstable region in the near wake of a circular cylinder,
proposed by MN, was also examined.
The current work extends the analyses using computational ﬂuid dynamics
predictions of the time-mean ﬂow of Pier (2002) and Barkley (2006) from lower
Reynolds numbers, at which the time-dependent ﬂow is two-dimensional, to the
analysis of experimentally observed wakes of ﬂows around circular cylinders at
moderately high Reynolds numbers, where the ﬂow is three-dimensional.
2. Experimental methods
A brief description of the wind tunnel, instrumentation, and data acquisition is
given below.
2.1. Wind tunnel
The open-circuit wind tunnel had a working section a 244 × 244 mm cross-section
and a very low free-stream turbulence level: 0.07% of free-stream velocity at the
tunnel ﬂow speed of 3.3 m s−1 . The hot-wire signal was band-pass ﬁltered between 20
and 1400 Hz. The ﬂow was also highly uniform with a coeﬃcient of variation across
the whole cross-section of 0.0027. The ﬂow velocity in the working section could be
varied continuously from 1 to 35 m s−1 .
2.2. Instruments
Velocity measurements were taken with a TSI IFA-100 constant-temperature
anemometer, and a TSI 1210-T1.5 hot-wire probe (the diameter of the wire was 4 μm).
The signal was processed through a Rockland 852 band-pass ﬁlter, and acquired with
a Boston Technology PC-30DS 12-bit ADC card mounted on an IBM PC. A Pitotstatic tube connected to a Van Essen 11934 Betz micro-manometer was used to
take initial velocity measurements. The uncertainty in the velocity measured thus
was approximately 4%. These measurements were used to calibrate the hot-wire
anemometry system in the wind tunnel. The uncertainty associated with the hot-wire
anemometer was approximately 6%.
An X-Y motorised linear traversing mechanism was constructed to traverse a hot
wire across the near wake of a circular cylinder, the hot wire being aligned parallel
to the cylinder axis. The mounting-stage was connected to a THK MTF-0601 ballscrew mechanism and controlled by a Superior Electric Slo-Syn stepping motor which
stepped through 200 steps/revolution. Each step of the traverser corresponded to a
movement of 5 μm to within ± 0.13 microns.
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The three polished Perspex cylinders used in the investigation were 244 mm long
with diameters D of 6.29, 9.44 and 12.6 mm resulting in blockages of 2.6 %, 3.9% and
5.2 %, respectively. Circular end-plates were mounted to reduce the inﬂuence of the
boundary layer of the wind tunnel. Consequently, the eﬀective aspect ratios of the
cylinders were 32.1, 21.4 and 16.0, respectively. The coordinate system origin was at
the centre of the cylinders midway along their length. The x-axis was in the direction
of the ﬂow, the y-axis was perpendicular to the ﬂow, and the z-axis coincided with
the cylinder axis.
2.3. Data acquisition
The experimental program covered the Re range of between 600 and 4600. Depending
on the size of the cylinder used, the spacing between each y-station ranged between 35
and 75 μm. The number of y-stations was suﬃcient to measure the time-mean velocity
proﬁle. Owing to the symmetry of the time-mean velocity proﬁle of circular cylinder
wakes, only half the wake was traversed. Depending on the size of the cylinder
used, the spacing between each x-station ranged between 1 and 2 mm. This resulted
in the velocity proﬁle being mapped from directly above the cylinder (x/D = 0) to
a distance downstream of x/D = 1.03. The experiments were originally conducted
under the assumption that the initial resonance criterion could provide the governing
frequency. The point at which the ﬂow shows transition from convective to absolute
instability (i.e. where the initial resonance criterion would have been applied) was
found in nearly all the cases studied to occur in the domain 0 < x/D < 1. Subsequently,
it was learned that the saddle-point criterion was the appropriate stability criterion
for time-mean ﬂows. Fortunately, the real component of the saddle point was found
to be located near x/D unity, lying within the measurement domain or requiring only
minor extrapolation.
For low Reynolds numbers (of order 102 ), the wake of shorter ﬁnite circular
cylinders can exhibit separate vortex shedding, at diﬀerent frequencies, near the
cylinder ends and in the mid-region (Gerich & Ecklemann 1982). As the Reynolds
number is increased, the vortex shedding becomes coupled along the span at a
frequency between the previous separate frequencies. At higher Reynolds number,
the typical time-mean near wake behind the circular cylinder becomes uniform along
much of the span, with end eﬀects conﬁned to close to the walls or endplates (e.g. as
shown by the base pressure coeﬃcient along the span of the cylinder in by Bearman
1969). Similar to Norberg (1987), the measurements in the current experiments were
taken in the near wake at the midspan of the cylinder.
At each sampling station, the hot-wire signal was sampled at 1500 Hz (which was
found to be suﬃcient for all frequencies of interest), and the sample length was 16 384.
The data were then processed to calculate the mean and ﬂuctuating velocities at each
sampling station. In addition, the data were also spectrally analysed to ensure that
the signals were not contaminated by signal noise.
2.4. The function velocity proﬁle and ﬁtting the measured proﬁles
Linearization of the equations governing the ﬂow and neglecting viscous eﬀects results
in the Rayleigh equation, the boundary condition of which can be set to force the
solution to be either purely symmetric (varicose mode) or antisymmetric (sinuous
mode). In the present study, only the sinuous mode was investigated as we are
concerned with the instability resulting in the Bénard–von Kármán shedding.
In principle, the Rayleigh equation could be solved for each velocity proﬁle.
However, the velocity proﬁle data available for this study did not extend to the
centreline axis of the wake owing to limitations of the hot wire at low velocities. It
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Figure 1. The dimensionless near-wake velocity proﬁle deﬁned by (2.1), with R = −1, for
N = 1, 2, 5, and ∞.

was decided to employ the function velocity proﬁles used in the study of MN, for
which the Rayleigh equation solutions have already been obtained, to ﬁt the available
data. It will be seen that the function proﬁle ﬁts are quite satisfactory and allow the
determination of global frequency selection.
The function velocity proﬁles, u(y), used by MN were of the form
u(y)/umax = 1 − R +

2R
,
1 + sinh ((y/y0.5 ) sinh−1 1)
2N

(2.1)

where y is the cross-stream coordinate, umax is the maximum time-mean velocity in
the proﬁle, the half-wake width, y0.5 , is the position where u = umax /2, N is the shape
parameter, and R is the velocity ratio:
R=

u(y = 0) − u(y → ∞)
,
u(y = 0) + u(y → ∞)

(2.2)

which allows the depth of the wake to be adjusted. Values of R > 0 correspond to jet
proﬁles, while R = −1 corresponds to a wake with zero centreline velocity. As stated
by MN: “in a typical bluﬀ-body wake these parameters will be functions of x, starting
at some large N and R → −1 right behind the body, and approaching N = 1 and
R = 0 for large x”. Therefore, the parameter N allows the proﬁle to be continuously
changed from a top-hat wake bounded by two vortex sheets, when N = ∞, to the farwake sech2 (y) proﬁle, when N = 1. Figure 1 illustrates the variation of half the wake
with N. It is important to note that the half-wake proﬁle is in general asymmetrical
about y0.5 . However, the half-wake tends towards symmetry about y0.5 = 1 as N → ∞,
and is approximately so even for moderate values of N.
As in MN, the analysis will proceed with the assumption that the transition to
absolute instability occurs for wakes for which the recirculation velocity is small;
that is, R = −1. A small backﬂow will, according to the analysis of MN, change
the local absolute instability frequency by a similarly small amount. Although we
ﬁnd that the MN proﬁles can ﬁt well the velocity proﬁles in the rapidly varying
region across the shear layer, it is not clear that they would be able to handle
simultaneously any non-zero velocities along the centreline. It is noted that MN
studied the eﬀect of backﬂow by keeping R = −1 and introducing another parameter
to mimic backﬂow. Although the ﬁtting of the MN curves was therefore terminated
at the half-width, the predicted Strouhal numbers are found to appear remarkably
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Figure 2. The (a) real and (b) imaginary parts of the branch point frequency of the dispersion relation for the velocity proﬁle (2.1) with R = −1, as a function of N −1 . After MN.

consistent with the literature. Future studies are planned to use computational and
non-invasive experimental techniques being developed to provide full and low-scatter
velocity proﬁles for which the Rayleigh equation can be solved.
Figure 2, based on MN, shows the real and imaginary parts of the absolute
instability frequency, ω0 , of the dispersion relation for the velocity proﬁle (2.1) with
R = −1, as a function of the shape parameter N. The ﬁgure shows the positive
absolute growth rate ωi0 > 0, which indicates absolute instability, for 1/N > 0.08. The
corresponding real component of the absolute instability frequency is ωr0 = 1.68.
As mentioned above, the value of R was chosen to be −1, because in the near wake
of a circular cylinder the ﬂow is approximately stagnant (it is the low ﬂow velocities
in this region that render the hot-wire technique inappropriate). The value of N to ﬁt
the experimental proﬁle was chosen to minimize the perpendicular distance between
the measured time-mean velocity data point and the function velocity proﬁle (the
RMS of this perpendicular distance was typically less than 0.1% of the mean height.
Two other methods of optimization, incorporating also velocity, were tested but the
selected method performed best). Typical ﬁts are provided in the results section below.
2.5. Frequency
The complex absolute Strouhal number, St = (Str , Sti ) ≡ (ωr0 , ωi0 )/(4πy0.5 /D), at the
complex saddle point, xs ≡ (xsr , xsi ), for each Reynolds number was determined using
the following procedure.
(a) The transverse mean velocity proﬁles through the separating shear layer were
obtained at successive xr -stations along the wake.
(b) The real and imaginary components of the Strouhal number at each xr -station
were obtained by ﬁtting the data using the functional form suggested by MN. This
was achieved by varying the ﬁtting parameter N to minimize the sum of (absolute)
diﬀerences between the ﬁt and data points. Once N was found, the real and imaginary
components of the frequency were obtained from a lookup table derived from ﬁgure 2.
(c) At this stage the real and imaginary components of the Strouhal number as
a function of downstream distance xr , i.e. along the real axis, are known. Generally,
the maximum growth rate (the imaginary component of complex frequency) and the
frequency (the real component), do not coincide. This is an indication that the saddle
point, xs , lies oﬀ the real axis in the complex plane. To extrapolate oﬀ the real axis,
the following procedure is used (Huerre & Monkewitz 1985).
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(d) Using the information on the real axis, the behaviour of the complex frequency
oﬀ-axis can be extrapolated using Taylor series assuming the function remains
analytic. The expressions for the real and imaginary components of the Strouhal
number are


 2
 
∂Str 
∂Sti 
xi + O xi = Str (xr , xi = 0) −
xi + O xi2 ,
Str (x) = Str (xr , xi = 0) +


∂xi 
∂xr 
xi =0

xi =0

(2.3)

∂Sti 
Sti (x) = Sti (xr , xi = 0) +

∂xi 

xi =0


 2
∂Str 
xi + O xi = Sti (xr , xi = 0) +

∂xr 

 
xi + O xi2 .

xi =0

(2.4)
Here, the ﬁnal expression in each equation has been obtained by replacing the
derivatives with respect to xi with derivatives with respect to xr using the Cauchy–
Riemann equations.
(e) Quadratic functional approximations to Str and Sti on the real axis are derived
using data from the stability analysis. These approximations can be used to estimate
the Strouhal number and derivative terms on the right-hand sides of equations (2.3)
and (2.4) (Hammond & Redekopp 1997), so that the Strouhal number components
about the saddle point are expressed in terms of xr and xi .
(f ) Finally, because xs is a saddle point so that

∂St 
= 0,
(2.5)
∂x x=xs
then by taking the derivative of equations (2.3) and (2.4) and equating to zero, allows
xs ≡ (xsr , xsi ) to be determined, which in turn allows St = (Str , Sti ) to be determined.
3. Results and discussion
3.1. Observed wakes: Reynolds number 600 to 4600
In this section, the stability analysis to determine the global frequency selection is
applied to the detailed time-mean velocity and velocity ﬂuctuation data of Khor
(1998) in the near wake of circular cylinders for Reynolds number from 600 to 4600.
3.1.1. Fluctuating velocities and time-mean velocity proﬁles
The growth of the maximum ﬂuctuating velocity in the near wake of the circular
cylinder is shown in ﬁgure 3. The maximum ﬂuctuating velocity, umax , was chosen
because it was a reliable and repeatable measurement that could be unambiguously
distinguished from among the ﬂuctuating velocity data across the shear layer, at
all streamwise stations. Comparison between the present measurements of umax with
the measurements of uedge by Unal & Rockwell (1988) show that the two quantities
display the same characteristic exponential growth in the streamwise direction.
Figure 3 shows that the growth of the ﬂuctuating velocity peaks at around
x/D = 1.5 − 2.0. If the streamwise (x/D) position where umax peaks for each Re
approximates the formation length of the Bénard–von Kármán vortices, then the
complete set of measurements for all the Reynolds numbers studied showed that
the formation length increased between Re of 600 and roughly 2000, and decreased
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Figure 3. The growth of umax , normalized by the x/D = 0 data point and plotted on a
log-linear graph, in the wake of the circular cylinder.

between Re = 2000 and 5000. This increase and decrease in the formation length is in
agreement with the ﬂow visualizations of Unal & Rockwell (1988).
Examples of the curve-ﬁtting procedure are shown in ﬁgure 4 for Re = 600 and
Re = 1700. The ﬁlled circles are the data points used for the curve-ﬁtting. Data points
for which u/umax < 0.5 were not used because hot-wire measurements at low ﬂow
speeds become less accurate owing to the free convection from the hot wire. Data
points from cross-stream stations further out from the station where u/umax = 1 were
also discarded in order that there was a uniform cutoﬀ point for every streamwise
station, for every experimental run. A sensitivity analysis was carried out to evaluate
the eﬀect of varying the lower cutoﬀ point from u/umax = 0.5 down to u/umax = 0.25.
It was found that the values of N selected varied little.
The half-wake width, y0.5 , is the coordinate where u(y) = 0.5umax ; its position
eﬀectively tracks the shear layer. The half-wake width data for all the streamwise
stations for diﬀerent Re were determined and are presented in ﬁgure 5. The half-wake
width data across the Re range are seen to spread over approximately 0.2D.
3.1.2. Transition to absolute instability and global frequency selection
At each station along the axis where the velocity proﬁle was measured, the real
and complex components of the absolute Strouhal number, Str and Sti , respectively,
associated with the local absolute instability frequency are plotted in ﬁgure 6 for each
Reynolds number. All of the curves show a global minimum in the real component
Str and a global maximum in the imaginary component Sti in the vicinity of x/D
being unity. For each Reynolds number, a least-squares quadratic ﬁt was performed
from which the frequencies and derivatives were obtained.
Figure 7 shows the location, xca , along the wake at which the ﬂow ﬁrst becomes
locally absolutely unstable (i.e. Sti = 0) and the real value of the saddle point, xrs ,
as Reynolds number is increased. (The imaginary component of the saddle-point
position, xi , was generally found to be close to zero, consistent with the expansions
used in equations (2.3) and (2.4)). The transition to absolute instability in the wake
generally moves downstream as the Reynolds number increases. The real component
of the saddle point generally lies beyond the point of transition to absolute instability,
as would be expected. Curiously, for the higher Reynolds numbers, the results were
not so clear cut; in the case of Re = 4035, no positive Sti were recorded and for
Re = 4600, the trend lines appear to be converging.
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Figure 4. Time-mean velocity proﬁles of the wake of the circular cylinder for Re = 600;
D = 6.29 mm (a) and Re = 1700; D = 9.44 mm (b). The ﬁlled circles are the data points used
for ﬁtting with the function velocity proﬁles, shown as solid lines. The values of N were chosen
to minimize the perpendicular distance between experimental data and function.

The development of Bloor–Gerrard instability waves to signiﬁcant levels in the
separating shear layer requires both a signiﬁcant region of convective instability
and a distance of about two wavelengths of shear layer to allow signiﬁcant growth
(Freymuth 1966). As the Reynolds number increases above Re ≈ 103 , a signiﬁcant
portion (of the order of the wavelength of the instability according to the frequency
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obtained from the MN functions along the wake for a range of Reynolds numbers.
Least-squares quadratic ﬁts are shown.

ﬁt of Prasad & Williamson 1997) of the near wake becomes convectively unstable,
whereas for Re < 103 , the near wake is only marginally convectively unstable. The
distance to the formation region at Re ≈ 103 , again using the frequency ﬁt of Prasad &
Williamson (1997), also exceeds twice the instability wavelength. The emergence
in the wake of a signiﬁcant region of convective instability suﬃcient to support
the development of the higher frequency Bloor–Gerrard instability waves, and with
suﬃcient distance to grow, is consistent with a range of general low-turbulence studies
that found that this convective instability ﬁrst appears naturally in the separating
shear layers at Reynolds numbers greater than 103 or higher (Bloor 1964; Kourta
et al. 1987; Norberg 1987; Wei & Smith 1986; Prasad & Williamson 1997; Unal &
Rockwell 1988). The presence of the convectively unstable region in the near wake, as
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saddle-point criterion (5 % error bars shown) with the curve ﬁt of Williamson & Brown
(1998). The lower Strouhal numbers determined from the velocity spectra are also shown
together with the associated cylinder aspect ratio, AR.

found in this study, also conﬁrms the ﬁnding of MN who came to the same conclusion
by calculating the N values from the measured wake vorticity thickness.
Figure 8 shows the absolute Strouhal numbers obtained using the saddle-point
criterion and those determined from the power spectra of the velocity time series.
Also shown are the Strouhal numbers from the ﬁt of Williamson & Brown (1998).
The spectral peaks associated with the vortex shedding were found to be consistent
from the hot-wire measurements at various locations both across the shear layers and
diﬀerent stations along the wake. It is noted that the St observed from the velocity
spectra in this study tend to be about 10 % lower than those reported in the literature,
consistent with the eﬀect of the lower cylinder aspect ratios, as shown by Norberg
(1994).
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One trend that emerges (see ﬁgure 8) is that although the absolute Strouhal
numbers calculated using stability theory tend to be in general greater than the
observed values, they match reasonably well (within 5 %) the values of 0.20 – 0.22
obtained for higher aspect ratio cylinders with end eﬀects carefully controlled (e.g.
Norberg 1994; Williamson & Brown 1998; Williamson 1989). The stability studies
using the saddle-point criterion are based on the velocity proﬁles at the midspan
of the cylinders and in the near wake, and therefore are expected to be relatively
unaﬀected by the end conditions, producing Strouhal number predictions consistent
with observed values for large-aspect-ratio cylinders.
3.1.3. Validity and accuracy of global frequency selection
Approximations and errors arise in the preceding analyses through a variety of
sources and it is important to acknowledge these. The use of the MN proﬁles and
their related stability characteristics assumes that the ﬂows are nearly parallel in
the regions where the stability study is undertaken. Hammond & Redekopp (1997)
examined the parallel assumption for vortex shedding from interacting boundary
layers at a blunt trailing edge. They found that their measure of the non-parallelness
of the wake () peaked at about 25 % downstream of the trailing edge. Close to the
spatial position of the saddle point, the value was closer to  = 10 − 15 %. Despite
this, the wake frequency from the saddle-point criterion based on the time-mean
ﬂow was within 1 % of the observed wake frequency from direct simulations. For
a circular cylinder, the non-parallelness is presumably slightly higher because of the
non-equilibrium separating boundary layer, and because the separating streamline is
not initially parallel to the wake centreplane. Nevertheless, the saddle-point frequency
predictions, again based on the mean ﬂow, are still within a couple of percent between
Re = 100 − 200 (Pier 2002). To close the loop, Barkley (2006) numerically and Sipp
& Lebedev (2007) theoretically showed that a global frequency analysis based on the
time-mean ﬂow accurately predicts the observed shedding frequency in this Reynolds
number range. Thus the global stability analysis and the saddle-point criterion applied
to the local analysis assuming near-parallel ﬂow provide predictions for the circular
cylinder wake within a few percent of each other for the two-dimensional low Reynolds
number ﬂow regime. After the transition to three-dimensionality at Re  190 (Barkley
& Henderson 1996), the separation point (indicated by the angle, θ, from the midpoint
on the rear surface) moves from before the top of the cylinder (θ = 95◦ ) at Re = 300
to θ = 91◦ at Re = 1500 and θ = 82◦ at Re = 12000 (Zdravkovich 1997; Dimopoulos
& Hanratty 1968), while the mean separation zone initially increases in length until
it begins to shorten again at Re  2000 when the shear-layer instability begins to
have an eﬀect (e.g. Prasad & Williamson 1997; Thompson & Hourigan 2005). Thus,
it could be expected that the mean wake is more parallel in the Reynolds number
range considered in this paper than in the two-dimensional shedding regime.
In addition to the assumption of near-parallel ﬂow, the stability analysis associated
with the MN proﬁles also assumes that the eﬀect of viscosity is negligible.
Hammond & Redekopp (1997) explicitly compare saddle-point frequency predictions
from an Orr–Sommerfeld and a Rayleigh solver at a low Reynolds number of
Re = 160 for their interacting boundary layer wake. They ﬁnd only a 2 % diﬀerence
in the frequency predictions. It is expected that for the higher Reynolds numbers
considered here, the inviscid assumption is valid. As shown by Norberg (1987),
changes to the Strouhal number and the vortex formation length can arise owing to
the eﬀect of cylinder aspect ratio (end eﬀects). Decreasing the aspect ratio was found
to reduce the observed Strouhal number, typically of the order 10 % for the spans
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used in the present experiments. The stability analysis in the present work is based
only on the velocity proﬁle taken at the midspan of the cylinder; the global frequencies
calculated on this basis are generally higher than those manifested physically, but
consistently match reasonably well those for very large spans according to Williamson
& Brown (1998).
The use of hot wires is an eﬀective means of obtaining time-mean velocity proﬁles,
and the existing data have allowed a comprehensive stability study to be undertaken;
however, hot wires do represent a physical intrusion to the ﬂow. In the future, it
is planned to obtain more detailed full wake data, including the low-velocity nearaxis recirculation zone, through the application of non-intrusive ﬂow measurement
techniques, such as particle image velocimetry. These should provide more detailed
instantaneous ﬂow velocity ﬁelds as well as time-mean ﬁelds as new methods are
being developed (e.g. Fouras, Dusting & Hourigan 2007a; Fouras et al. 2007b;
Fouras, Jacono & Hourigan 2008). Together with the ability of computational ﬂuid
dynamics to handle ﬂows of increasing Reynolds number and the ability to track
time-dependent perturbation ﬁelds (Thompson, Hourigan & Sheridan 1996; Leontini,
Thompson & Hourigan 2007), further insights into the stability characteristics of the
wake of the circular cylinder and other bluﬀ body ﬂows are expected.
4. Conclusions
The present study has extended the stability study using the saddle-point criterion
for circular cylinder ﬂows into the three-dimensional shedding regime based on
experimental observations; previous such studies have been undertaken for numerical
predictions of two-dimensional ﬂows at Reynolds numbers not greater than 200.
For the near wake of circular cylinders at Reynolds numbers between 600 and 4600,
the absolute or convective nature of the instability has been examined by experimental
and accompanying analytical methods.
In the Reynolds number range 600 – 4600, the time-mean velocity proﬁles with the
function proﬁles of MN were measured. By adjusting the shape parameter, N, the
function proﬁles could be ﬁtted to the measured proﬁles as they varied downstream.
MN had already calculated the absolute or convective instability character of these
function proﬁles as a function of N. Therefore, the instability character of the
developing wake was determined from the value of N used to ﬁt the measured
proﬁles, a process eliminating the need for separate linear stability solvers to be used.
Another reason to employ a global ﬁt is that the data have some associated noise,
which means that it is diﬃcult to use the data directly in a Rayleigh solver–especially
as accurate second derivatives are required. The cylinders, with end-plates, employed
in the present study were of aspect ratios between 16 and 32; consequently, their
wakes had Strouhal numbers, based on the direct measurement of the vortex shedding
frequencies, somewhat lower (typically 10 %) than those found for cylinders with large
aspect ratios, in line with the observations of Norberg (1994). The Strouhal numbers
obtained from the current stability analysis, using the velocity proﬁles at midspan,
were in reasonable agreement with the values from the literature.
The results also showed the general presence of a zone of convective instability
immediately downstream of the separation point of the shear layers. The ﬂow
undergoes transition to absolute instability further downstream as the wake develops
and the separated shear layer thickens. The convectively unstable zone consequently
grows in streamwise extent as Re increases, indicating that the transition point from
convective to absolute instability moves downstream as Re increases. The development
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of a signiﬁcant convectively unstable region downstream only for Reynolds numbers
beyond approximately 1000 is consistent with the initial appearance recorded in the
literature of Bloor–Gerrard vortices in the shear layers.
We are greatly indebted to Martin Welsh for providing the experimental facilities at
the CSIRO. Moses Khor acknowledges the support of a Monash Graduate Scholarship. We are grateful for support from Australian Research Council Large grant
A89131241. The comments of the anonymous referees provided many improvements
to the article.
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