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Abstract. A technique capable of simultaneous measurement of free surface topography and
velocity vector field data is developed. This technique offers substantial benefits of both reduced
complexity and enhanced accuracy over all other techniques known to offer the same measurements.
The flow behind a circular cylinder at low Reynolds numbers is measured using this technique. The
velocity and vorticity fields as well as Strouhal number closely match the expected results. The free
surface topography, which can be related to the pressure field, exhibits an intimate relationship to
the vorticity field.
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1.

Introduction

A number of fluid mechanics studies could benefit from the simultaneous measurement of both velocity field data (and related quantities such as vorticity) and surface
topography. Recent examples of such studies are the study by Fu et al. [7] of shallow
flow around a circular cylinder and the recent study by Buchanan et al. [2] of supersonic jet screech, using the hydraulic analogy. Typically, the free surface topography
relates to the pressure field through the low Froude number modified equations of
motion [2].
A number of point and area measurement techniques have been developed over
recent decades to measure the free surface topography. The most promising of these
techniques are the optical area measurement techniques detailed in Tanaka et al.
[11] and Zhang et al. [14]. These techniques were enhanced by Fouras et al. [4] with
a new technique that is more accurate and simpler to implement.
2.

Methodology

The new technique described in this paper is based on an integral combination of
Particle Image Velocimetry (PIV) [9] and the reference image topography technique
described in [4]. In this technique, experiments are conducted in a glass bottomed
water table. The water is seeded with particles and the horizontal plane (selected as
the plane for velocity measurement) is illuminated by a laser sheet. Twin cameras
are symmetrically installed on the water table with one above the free surface and
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Figure 1. Schematic of the configuration of cameras and light sheet relative to the surface.

one below the glass bottom, as shown in Figure 1. These cameras are positioned to
achieve approximately the same magnification and field of view. Under conditions
of a flat water surface, the images from the top camera can be related to the images from the bottom camera by a mapping function which can be evaluated using
techniques described by Fouras et al. [3, 5].
Figure 2 describes the process of analysing the data from the top and bottom cameras
to yield the velocity and height data. The images acquired through the flat glass
bottom can be interrogated to yield the velocity data using PIV analysis. When
the images from the top and bottom are compared using PIV analysis (taking into
account the mapping function evaluated under flat or still conditions), the resultant
apparent displacement field must be the result of refraction of light through the
distorted free surface. The displacement field is related to free surface gradients,
which can be integrated to yield the free surface topography. An algorithm to
perform this integration with minimal sensitivity to noise while maintaining fine
detail is described in section 2.1.
2.1.

Obtaining surface topography from PIV displacement data

The PIV analysis of the experimental images produces a grid of displacement vectors
corresponding to the optical distortion laser light scattered by the seeding particles
due to refraction through the surface of the liquid-air interface. At each point, the
components of the displacement vector in Cartesian coordinates are (δx , δy ). The
goal of the numerical surface height integration is to obtain the height H at each
point, given a reference height Href . In this paper, a robust technique for obtaining
the surface topography in a manner devoid of any positional bias is proposed. It will
later be shown that the least-squares integration approach filters random remaining
errors from the PIV process, while reproducing fine details in the true free-surface
topography.
At each location, the gradient of the surface is ∂H/∂x where the spatial coordinate
vector x = hx, yi. The surface gradient is related to H, δx and δy by the physics of
2
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Figure 2. The processing methodology used to calculate both the velocity and topography
data.

refraction, as shown in figure 3 in one dimension.
Using Snell’s law of refraction (ηair sin α1 = ηliquid sin α2 ) the relationship



−1 ∂H
−1
−1 ∂H
−1 δx
= tan
− sin
ηr sin tan
tan
H
∂x
∂x

(1)

can be derived based on the configuration shown in figure 3, where the refractive
index ratio ηr = ηair /ηliquid is introduced.
Numerically, the surface gradient ∂H/∂x can be approximated by some numerical differentiation scheme ∆H/∆x; for example a forward- or centered-difference
scheme. The important point is that these schemes are typically represented by
local function values (Hi ) and point spacings (∆xi ). An appropriate strategy for
obtaining the topography solution H is to employ a root-finding method on (1) to
determine surface gradient estimates at each point, then to integrate these gradients
to find an estimate of the topography, before iteratively repeating this process with
improved guesses of H.
The following algorithm is proposed for solving for the heights H, given a reference
height Href , and displacements δx and δy :
1. Set heights H = Href .
2. Use equation (1) and the current guesses of H to estimate ∂H/∂x and ∂H/∂y
at each point.
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Figure 3. (a) The undistorted position of a point P (on the laser sheet, shaded grey)
viewed from a distant location through an undisturbed free surface. (b) The apparent
displacement δx of point P due to refraction through the surface at height H with gradient
∂H/∂x. Refractive indices of the air (η air ) and liquid (ηliquid ) phases are shown, as are the
refraction angles α1 and α2 .

3. Integrate gradients (∂H/∂x and ∂H/∂y) to find estimate of heights (Hest ).
4. Shift Hest to minimize the error between measured refraction displacements,
and those predicted by numerical ray tracing.
5. The adjusted heights Hadjust can be refined by repeating steps 2-4 until the
difference between successive Hadjust values converges.
The following section describes in detail the procedure used to integrate the gradient
data for the surface topography (step 3).

2.2.

Integration of surface gradients for surface topography

At each point on the surface, gradients in x and y are known. If the total number
of data points is N , then based on numerical estimates of the surface gradients, an
over-prescribed matrix system
AH = b,

(2)

can be established where A is a (2N +1)×N matrix containing numerical derivative
estimates in x and y for each point, plus a function of the reference height Href to
maintain the consistency of the matrix, H is a solution vector of length N representing the surface heights, and b is a vector of length 2N + 1 containing the gradients
obtained from the refraction physics and displacement data. Written in full, this
4
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As A is not square, the solution for H cannot be obtained by direct inversion of A.
Instead, a solution is found in a least-squares sense by obtaining the pseudo-inverse
of A, i.e.,
H = (AT A)−1 AT b

(4)

For problems of a practical size, A quickly becomes too large to store in full. For
example, when N = 50 × 50, A becomes a 5001 × 2500 matrix. Fortunately, with an
appropriate selection of derivative approximation technique A is very sparse. For
instance, forward or centered difference approximations, produce only 2 non-zero
elements per row, with the exception of the final row. The final row of A specifies
an equation relating the unknown heights H to the reference height Href . An ideal
equation would equate the mean height to the reference height
N
X

Hi = N Href ,

(5)

i=1

but this generates a full row in A, which then renders the matrix product AT A full.
A high sparsity of AT A can be maintained if a simpler reference height relationship
(e.g., H1 = Href ) is adopted instead.
In the present implementation, A and AT A were constructed using the Compressed
Sparse Row (CSR) sparse matrix storage format, with derivatives at the edges of
the image estimated using forward- and backward-differences, and at interior points
using centered-differences. The solution of the linear problem

AT A H = A T b
(6)

was obtained using the PARDISO package [10]. The symmetry of AT A meant that
only the upper-diagonal component needed to be stored, further reducing the strain
on storage requirements.
In the present implementation of the surface topography integration technique, the
assembly of A, and the assembly and factorization of AT A were completed prior to
entering the iterative loop, leaving only a sparse matrix-vector product operation
(AT b), and a sparse matrix solve to be completed during each iteration.
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Figure 4. Schematic diagram showing the setup of the cylinder wake experiments on the
water table. The combination of screen, honeycomb and screen was used to reduce freestream turbulence levels. The splitter plate was used to reduce the size and effect of the
bottom wall boundary layer on the two-dimensionality of the flow. Also shown are the
cameras and axis co-ordinates.

3.

Results

The experiments reported in this paper were performed on a water table shown
schematically in Figure 4. The splitter plate was 25 mm above the table floor. The
water height above the splitter plate was about Href = 51 mm and the cylinder had
diameter D = 3.9 mm. At each Reynolds number, 200 frame pairs were acquired.
The acquisition frame rate 5 Hz and the between pairs was equal to 20 ms. A
Reynolds number is defined as Re = U D/ν, where U is the velocity of the oncoming
flow, D is the cylinder diameter, and ν the kinematic viscosity. A Strouhal number
is defined as St = f D/U where f is the frequency of shedding. For parallel shedding, previous studies (e.g., Williamson [12]) propose a linear relationship between
the shedding frequency and the inverse square root of the Reynolds number. The
vorticity is calculated by a combination of least-squares fitting of a second-order
polynomial, and analytical differentiation, which has been shown to produce results
that are insensitive to random errors in the PIV calculation [6]. Results for an experiment conducted at Re = 76 is shown in Fig. 5. The observed Strouhal number
was 0.157±0.001, whereas the expected Strouhal number based on the relationship
proposed by Williamson [12] is 0.152.
The Strouhal number discrepancy is most likely due to non-uniformities in the spanwise direction; either due to oblique shedding patterns (which are known to occur
beyond Re ≈ 60 for a circular cylinder [13]), or other irregularities resulting from
the mismatched cylinder end-conditions. The vorticity contour plot in figure 5 bears
a close resemblance to two-dimensional computations obtained at similar Reynolds
numbers (such as Braza et al. [1], Green et al. [8] and independent computations
performed by the authors), validating the PIV measurements.
The true power of this technique is demonstrated in Figure 6, which shows threedimensional renderings of the reconstructed surface topography. The overlaid vor6
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Figure 5. Plots of (a) vorticity and (b) relative height taken at a Reynolds number Re = 76.
Solid and dashed lines represent positive and negative values.
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Figure 6. Three-dimensional iso-surface of calculated surface height overlaid with vorticity
contours. Data are shown for Reynolds number Re = 76 for different phases, (a) t = 0;
(b) t = T /4; (c) t = T /2; (d) t = 3T /4, where T is the shedding period. Solid and dashed
lines represent positive and negative values of vorticity. The cylinder is located at the
bottom of each frame, and flow is from bottom to top. Coloured contours denote surface
height, with blue and red corresponding to low and high regions, respectively.

ticity contours highlight that a strong relationship exists between the measured
velocity field (captured on the plane of the submerged laser sheet), and the deformation of the free surface. Hydrodynamic theory dictates that the deformation in
7
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the surface height relates to the total pressure in the flow, though surface tension
and other forces will also contribute to the final topography.
The data also elucidate the high sensitivity of the topography measurements. In
the vicinity of the cylinder, the meniscus is clearly visible, with significantly greater
relative height than variations measured in the wake. In practice, the meniscus
is of the order 1 mm in height. When conducting the experiments, the surface
deformation arising from the motion of the wake was invisible to the naked eye.
Hence surface deformations an order of magnitude smaller than the scale of the
cylinder have been resolved using this technique.

4.

Conclusions

A novel technique for the simultaneous measurement of free surface topography and
velocity vector field has been developed. The flow behind a circular cylinder at
low Reynolds numbers has been measured using this technique. Both the vorticity
field and the Strouhal number closely match the expected results. The free surface
topography, which can be related to the pressure field, exhibits an intimate relationship to the vorticity field. The nature of this relationship is the subject of further
investigation.
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