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An analytical model, based on the Fokker–Planck equation, is constructed of the
dye visualization expected near a three-dimensional stagnation point in a swirling
ﬂuid ﬂow. The model is found to predict dye traces that oscillate in density and
position in the meridional plane in which swirling ﬂows are typically visualized.
Predictions based on the model are made for the steady vortex breakdown bubble
in a torsionally driven cylinder and compared with computational ﬂuid dynamics
predictions and experimental observations. Previous experimental observations using
tracer visualization techniques have suggested that even for low-Reynolds-number
ﬂows, the steady vortex breakdown bubble in a torsionally driven cylinder is not
axisymmetric and has an inﬂow/outﬂow asymmetry at its tail. Recent numerical and
theoretical studies show that the asymmetry of the vortex breakdown bubble, and
consequently its open nature, can be explained by the very small imperfections that
are present in any experimental rig. Distinct from this, here it is shown that even
for a perfectly axisymmetric ﬂow and breakdown bubble, the combined eﬀect of dye
diﬀusion and the inevitable small errors in the dye injection position lead to the false
perception of an open bubble structure with folds near the lower stagnation point.
Furthermore, the asymmetries in the predicted ﬂow structures can be remarkably
similar to those observed in ﬂow observations and computational predictions with
geometric asymmetries of the rig. Thus, when interpreting dye-visualization patterns
in steady ﬂow, even if axisymmetric ﬂow can be achieved, it is important to take into
account the relative diﬀusivity of the dye and the accuracy of its injection.

1. Introduction
It is well known that the use of tracers such as dye in ﬂow visualization can lead
to misleading observations in the case of unsteady ﬂows (Hama 1962; Kline 1969;
Williams & Hama 1980; Cimbala, Nagib & Roshko 1981, 1988; Kurosaka & Sundram
1986; Gursul, Lusseyran & Rockwell 1990; Gursul & Rockwell 1991). Apart from
the distinction between streamlines and streaklines in unsteady ﬂows, other problems
related to the use of dye streaklines or ﬂuid markers include the ﬁnite thickness of the
marker, the diﬃculty of precisely deﬁning the injection location of the marker, and
† Email address for correspondence: m.brons@mat.dtu.dk
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Figure 1. (a) Flow around a circular cylinder at Reynolds number 28.4 (with permission
from Taneda 1956). (b) Experimental Poincaré section visualized with the use of continuously
injected ﬂuorescent dye streams for the ﬂow below an impeller in a mixing tank (with
permission from Fountain et al. 1998).

the mass diﬀusion of tracer reﬂected by the Schmidt number. Although the fallacies
associated with streaklines in unsteady ﬂows have been well documented, misleading
visualizations involving steady ﬂows are less common; it is generally assumed that
they provide an accurate depiction of the ﬂow structures.
In steady ﬂows, stagnation points are known to lead to chaotic regions in which the
trajectories of tracing particles separate exponentially fast; material ﬁlaments, tracked
by, for example, dye, are stretched and folded continuously by means of horseshoes
(Ottino et al. 1988). Folds in the dye visualization taken by Taneda (1956) for the
steady ﬂow around a circular cylinder (see ﬁgure 1a), are found near the downstream
stagnation point of the recirculating region even before unsteadiness appears in the
far wake. For swirling ﬂows, the ﬂow structures are usually captured by a plane cut
using a laser sheet and the injection of ﬂuorescent dye streams. The case of the ﬂow
in a tank having two hyperbolic ﬁxed points in the region below an impeller has
been studied by Fountain, Khakhar & Ottino (1998), revealing, within a Lagrangian
description, chaotic structures with high-period islands. Of note in ﬁgure 1(b) are the
folds in the dye streaks near both the downstream stagnation point on the impeller
(top centre of image) and the upstream stagnation point (bottom centre of the image).
The local ﬂow close to a stagnation point is well understood, and depends essentially
on the eigenvalues of the linearization of the velocity ﬁeld (Chong, Perry & Cantwell
1990; Bakker 1991; Brøns 2007). Complex ﬂow patterns arise when the global
structure of the velocity ﬁeld includes a mechanism for re-injecting ﬂuid particles
which move away from a hyperbolic stagnation point back into a neighbourhood
of the point. Such a mechanism will be provided by a homoclinic connection, a
streamline or streamsurface connecting a hyperbolic stagnation point to itself, or,
more generally, a heteroclinic connection which links several stagnation points in a
closed chain. The complex motion arising when such structures occur in unsteady ﬂow
is analysed by Holmes (1984), Rom-Kedar, Leonard & Wiggins (1990) and Lopez
& Perry (1992) and in three-dimensional steady ﬂow by Hartnack, Brøns & Spohn
(2000), Sotiropoulos & Ventikos (2001) and Brøns et al. (2007).
The study of the expected dye-visualization patterns near a stagnation point in
a swirling ﬂow is the focus of the ﬁrst part of this paper. In the second part,
the particular case of the stagnation point associated with a vortex breakdown is
considered. Concerns over the problem of misleading visualization in the case of vortex
breakdown were in fact noted by Delery (1994): ‘According to some investigators, the
bubble type of breakdown would be the only basic conﬁguration, the spiral and other
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types being diﬀerent images of the same phenomenon resulting from the visualization
technique.’
There has been considerable debate in the literature since as to whether the
recirculation region observed in the ﬂow in a closed cylindrical container with
a spinning lid should even be termed ‘vortex breakdown’ (Leibovich 1978, 1984,
1999; Krause & Liu 1989; Spall, Gatski & Ash 1990; Goldshtik & Hussain 1998).
Broadly speaking, the recirculation pattern in the closed cylinder has appeared to be
axisymmetric, non-hysteretic, closed and sometimes steady as opposed to the open,
asymmetric, hysteretic and unsteady vortex breakdown structures observed in the ﬂow
over delta wings and in open vortex tubes.
Below a certain Reynolds number, Gelfgat, Bar-Yoseph & Solan (1996) have
demonstrated numerically that the conﬁned cylinder ﬂow is stable with respect
to axisymmetric perturbations up to moderate Reynolds numbers. At least in
this lower-Reynolds-number range, the conﬁned cylinder ﬂow has appeared to
be robustly axisymmetric with closed steady bubbles, with near-axis separation
zones appearing gradually, and not discontinuously, as the control parameters are
changed. Three-dimensional ﬂow simulations at these lower Reynolds numbers have
predicted axisymmetric vortex breakdown patterns except where asymmetries have
been introduced, through, for example, ﬂow or geometrical perturbations (Brøns 2007;
Brøns et al. 2007), grid asymmetries (Sotiropoulos & Ventikos 2001; Sotiropoulos et al.
2001, 2002), dye density variations (Gelfgat 2002), or lid tilt (Thompson & Hourigan
2003).
Previously, Hourigan, Graham & Thompson (1995) have investigated the issue
of whether steady small-scale spirals often observed in the pre-vortex breakdown
region were due to unsteadiness or asymmetry in the ﬂow in conﬁned cylinders. The
motivation in that study was to investigate whether the spirals that appeared were
real ﬂow structures, possibly related to wave trapping. The spirals also appear just
upstream of the vortex breakdown in some situations. It was demonstrated that the
spirals could also be an artefact of the dye-visualization technique, resulting from
imperceptibly small oﬀsets of the dye injection from the central axis of the cylinder.
In the case of a developed vortex breakdown, Sotiropoulos et al. (2002) state that:
‘Axisymmetric streamlines, of course, cannot reproduce the asymmetric dye-tracer
patterns observed in the laboratory.’ In the present paper, we will demonstrate
that the combined eﬀect of diﬀusion and misalignment of tracer injection will
lead to a dye distribution which deviates signiﬁcantly from that predicted from
the streamline pattern, and that asymmetries may appear even if the ﬂow ﬁeld is
perfectly axisymmetric.
Determining the ﬂow structures and mixing properties of the ﬂow in a conﬁned
cylinder has assumed a further practical importance for cell culture and tissue
engineering since the initial experimental investigations (Dusting, Sheridan &
Hourigan 2004, 2006), computational studies (Yu et al. 2005a, b, 2007; Tan et al.
2006; Liow et al. 2007) and cell culture (Thouas, Sheridan & Hourigan 2007). To
exploit the idea of the vortex breakdown bubble being a ‘virtual reactor’ in which
constructs such as scaﬀolds could be placed or cells cultured, the issue of whether
the bubble is closed or open, symmetrical or asymmetrical, becomes all the more
important.
In this paper, we demonstrate how, through a combination of mass diﬀusion of the
tracer ﬂuid and the error in the tracer injection location, not only can ‘asymmetric’
and ‘open’ structures appear for a steady purely axisymmetric ﬂow involving vortex
breakdown, but the structures can appear to be remarkably similar to those observed
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experimentally. In a dye-visualization experiment, this eﬀect will appear in addition
to the complexity of the ﬂow which stems from geometric imperfections. The ﬁrst
part of the paper examines this behaviour from theory, based on the Fokker–Planck
equation. In particular, the behaviour in the neighbourhood of the downstream
hyperbolic point is modelled asymptotically. The second part of the paper attempts
to quantify the eﬀects of tracer diﬀusion and minor oﬀ-axis injection on the observed
appearance of otherwise axisymmetric breakdown.
2. An analytical model for dye distribution near a stagnation point
2.1. The Fokker–Planck equation
To explore the distribution of dye at the downstream part of a steady vortex
breakdown bubble, we study the ﬂow in the vicinity of the stagnation point that
constitutes the end-point of the bubble on the cylinder axis. In a region close to a
stagnation point, the velocity ﬁeld can be approximated by its linearization. We deﬁne
an xyz coordinate system with origin at the stagnation point and the z-axis along the
cylinder axis and consider the linearization
v(r) = Ar,

(2.1)

where A is the Jacobian matrix of the full velocity ﬁeld. Assuming the ﬂow has axial
symmetry, we have
⎛
⎞
−α β 0
A = ⎝−β −α 0 ⎠ ,
(2.2)
0 0 2α
where
∂v
∂u
∂v
∂u
=− , β=
=−
(2.3)
∂x
∂y
∂y
∂x
are derivatives evaluated at the stagnation point. With α > 0, the (x, y)-plane is the
stable manifold W s of the stagnation point, consisting of streamlines which spiral
around the axis with angular velocity β (swirl) and are attracted exponentially with
a rate α to the stagnation point. The surface W s is the linear approximation of the
lower part of the bubble surface. Streamlines starting oﬀ W s will also perform a
spiralling motion, but will be repelled from W s along the unstable manifold W u , the
z-axis (ﬁgure 2). An analogous structure, but with α < 0, exists close to the upstream
stagnation point. A more detailed description of the ﬂow ﬁeld in vortex breakdown
has been obtained by Rusak (1996).
We model the motion of the dye as a standard Brownian motion superimposed
on the drift given by the linearized velocity ﬁeld, i.e. by the stochastic or Langevin
diﬀerential equation
dr
= Ar + Γ (t).
(2.4)
dt
Here, Γ (t) is a vector of independent Gaussian distributions Γi (t) with zero mean
and unit variance,
α=−

Γi (t) = 0,

Γi (t)Γj (t  ) = δij δ(t − t  ),

(2.5)

(see Risken 1989). Here, · denotes expectation value. The parameter  is the r.m.s.
noise level. The probability density p for a particle is governed by the associated
Fokker–Planck or forward Kolmogorov equation (Risken 1989; Gardiner 1985). This
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Figure 2. The basic geometry of the ﬂow structure close to the stagnation point showing the
stable manifold W s (the linear approximation of the lower part of the bubble surface) with a
typical streamline spiralling inward and the unstable manifold W u (the cylinder axis.)

is the diﬀusion equation
∂p
2
= −∇ · (Arp) + p.
(2.6)
∂t
2
The parameter  is connected to the Schmidt number as follows: the Schmidt
number is the ratio of the diﬀusivities of the ﬂuid and the dye, i.e.
Sc =

2
ν
= 2 ,
 2 /2
 Re

(2.7)

where the latter identity holds when dimensionless variables are used.
We denote the solution to the Fokker–Planck equation (2.6) where the particle is
located at r 0 = (x0 , y0 , z0 ) at t = t0 by p = p(r, t | r 0 , t0 ), i.e. the solution which fulﬁls
the initial condition p(r, t0 | r 0 , t0 ) = δ(r − r 0 ). This solution is a multi-dimensional
Gaussian distribution (Risken 1989)
p(r, t | r 0 , t0 ) =



1
√
exp − 12 (r − μ)T Σ −1 (r − μ) .
det Σ

(2π)3/2

(2.8)

Here, the mean value evolves according to the deterministic velocity ﬁeld given by
(2.1),
μ = exp(A(t − t0 ))r 0 .
The exponential matrix is
⎛
⎞
exp(−αt) cos βt − exp(−αt) sin βt
0
⎜
⎟
0
exp(At) = ⎝ exp(−αt) sin βt exp(−αt) cos βt
⎠,
0
0
exp(2αt)

(2.9)

(2.10)

and the variance is
t

 2 exp(A(τ − t0 )) exp(AT (τ − t0 )) dτ
t0
⎛
⎞
1 − exp(−2α(t − t0 ))
0
0
⎜
⎟
2α
⎜
⎟
1 − exp(−2α(t − t0 ))
2⎜
⎟.
= ⎜
0
0
⎟
2α
⎝
exp(4α(t − t0 )) − 1 ⎠
0
0
4α

Σ=

(2.11)
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Figure 3. Sketch of the ﬂow of tracer particles around the breakdown bubble. A meridional
intersection is shown. A circle of tracer particles is released above the bubble, slightly displaced
from the cylinder axis. The circle will expand as it is attracted to the bubble surface, and during
this phase diﬀusion is ignored. When the lower part of the bubble is reached, the downstream
stagnation point is approached as the circle shrinks again. At some stage, taken as the initial
time in the analysis, the particles form a circle of radius r0 . The circle is still displaced from
the axis and is outside the bubble. In the coordinate system centred at the lower stagnation
point, the centre has coordinates (δ, ζ ) with ζ < 0.

2.2. Application to dye release in a visualization experiment
The probability density of a single tracer particle is given by (2.8). To model the
distribution of dye in a vortex breakdown experiment, consider the ﬂow of particles
released in a single horizontal circle above the breakdown bubble with the centre
slightly displaced from the axis (see ﬁgure 3). This circle of particles will be attracted
to the bubble surface while the radius increases as it ﬂows out along the top of the
bubble surface. Assuming that diﬀusion is negligible during this stage of the ﬂow,
the circle will stay outside the breakdown bubble. After a certain time, the circle will
have reached the lower part of the bubble surface, and, as the radius now decreases,
it enters the region where the linearization (2.1) is valid. At the entry to this stage, we
assume that the particles still constitute a circle of the form
r c = (r0 cos θ + δ, r0 sin θ, ζ ),

θ ∈ [0, 2π].

(2.12)

As the particles are below the bubble surface, ζ < 0. Both ζ and δ, which measure
the oﬀ-axis displacement of the particles from the axis, will be taken as small
parameters.
If the particles are uniformly distributed on the circle (2.12) at time t0 , the total
density of particles at t > t0 is
2π

ρc (r, t | r c , t0 ) =

p(r, t | r c , t0 ) dθ.
0

(2.13)
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Since not only a single circle of particles is released, but this release goes on continuously from, say, t = 0, the total density of particles is
t

ρc (r, t | r c , t0 ) dt0 .

ρ(r, t) =

(2.14)

0

In particular, an equilibrium density will appear in the limit t → ∞,
∞

ρ∞ (r) =

ρ(r, t) dt.

(2.15)

0

Since the integrals (2.13) and (2.14) involve normal distributions, the saddlepoint method (de Bruijn 1970) may in some cases be used to obtain analytical
approximations for small . Here, we consider the density of particles along the
bubble surface z = 0 in a Poincaré plane which we choose as y = 0. The derivation
can be found in the Appendix. We ﬁnd to lowest order in the small parameters δ, ζ


 
2
1
β
1
|x|
sign(x) r04 + x 4
cos
ln
1
+
ρ∞ (x, 0, 0) =
 πα r04 − x 4
r0
α
r0
r04 − x 4
 2 

 
2r04 α
ζ
β
β
|x|
δ− 4
+ sin
ln
(2.16)
α
α
r0
r0 − x 4 
for x = 0. Since the ﬂow ﬁeld (2.1) is symmetric in z, only terms of even order in ζ
appear in the Taylor expansion of ρ∞ .
If particles are released symmetrically with respect to the cylinder axis, i.e. δ = 0,
the equilibrium density is also symmetric. However, if δ = 0, a pattern of high and
low dye densities occurs. If x/r0 is not too large such that
r04 + x 4
≈ 1,
r04 − x 4

(2.17)

it is easy to see there is a sequence of local maxima xn → 0 of ρ∞ which form a geometric progression,


α
(2.18)
xn ,
xn+1 = exp −2π
β
and, correspondingly, a sequence of minima in-between the maxima with the same
distribution. If a single particle were released in the velocity ﬁeld (2.1) with no
diﬀusion present, the relation (2.18) would hold exactly for the subsequent crossings
of a meridional plane. In the present model, this is slightly modiﬁed when (2.17) does
not hold, but the density pattern is independent of the diﬀusivity . Furthermore,
this pattern depends only on the ﬂuid velocity ﬁeld through the ratio α/β, and the
displacement δ contributes only to the amplitude of the density variations, not to the
wavelength of density variations.
The maxima xn of the density accumulate on the axis, and the approximation (2.16)
hence predicts an inﬁnite number of oscillations with a wavelength tending to zero
as the axis is approached. However, for a ﬁxed , the saddle-point approximation
is accurate only when the integrand is suﬃciently located. As time increases and
the probability density of an individual particle is smeared out, the approximation
breaks down. As the particles that reach small values of x have travelled a long time
(see (A 10)), the expression (2.16) is not accurate for small x. This is illustrated in
ﬁgure 4 for values of the parameters which are relevant for the vortex breakdown,
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Figure 4. Equilibrium particle density ρ∞ (x, 0, 0) as a function of the coordinate x for
α = 0.02, β = 0.22, r0 = 0.25, δ = 0.001, ζ / = −1, for diﬀerent values of the diﬀusivity . (i)
show results away from the axis; (ii) show the details near the stagnation point at the origin.
(a) Schmidt number 4.0 × 104 ; (b) 2.5 × 103 . The full line is the analytical approximation (2.16).
The markers show numerical computations of the full integral (2.14). The dashed line is the
analytical approximation (2.16) with no perturbation, δ = ζ = 0.

see § 3.3, where it also appears that the analytic approximation is more accurate for
smaller .
The present analysis is concerned with the ﬂow close to the lower stagnation point
of the bubble. A similar analysis could be performed near the top stagnation point,
where the essential change is that α < 0. The analysis would describe how particles
ﬂow along the top part of the bubble which is attracting and how non-uniformities in
that distribution will evolve. The key to the sensitivity in the breakdown bubble is the
stable two-dimensional manifold W S near the lower stagnation point which separates
particles that go up and into the bubble from particles which go down and out of the
bubble. There is no similar structure near the top stagnation point. This will appear
clearly in the ﬁgures in § 3.4 where it can be seen that the depicted shape of the top
part of the bubble is very robust against misalignment of dye injection.
3. Numerical studies of dye traces and experimental comparisons
3.1. Numerical approach
The strategy employed to investigate the visualization of tracers by numerical means
was as follows. First, the purely axisymmetric base ﬂuid ﬂow was predicted using a
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Galerkin ﬁnite-element method. Then numerical particles representing the tracer were
projected onto the steady ﬂow solution through their introduction near the top of the
conﬁned cylinder, convected following the streamlines of the base ﬂow plus a random
walk to mimic mass diﬀusion. More details are provided below.
3.2. Finite-element method
The Galerkin ﬁnite-element method was used to obtain the solution of the Navier–
Stokes equations for axisymmetric ﬂow in cylindrical coordinates. The numerical
mesh consisted of uniform rectangular elements except for a sinusoidal compression
of the ﬁrst ﬁve elements near the rotating lid in order to capture the boundary layers
including the Ekman layer. The penalty formulation with biquadratic Lagrangian
interpolation (9-node quadratic quadrilateral elements) for the velocity ﬁeld and
under-integration of the continuity constraint was employed (Zienkiewicz 1977).
Formally, this method leads to a third-order accurate velocity ﬁeld and this has been
veriﬁed by careful convergence studies. The nonlinear set of equations was solved
by Newton iteration, with the stopping criterion being when the L2 -norm of the
velocity diﬀerences was less than 10−6 . The code has been tested successfully against
a variety of benchmark problems, including driven cavity, backward-facing step and
ﬂow around a circular cylinder, and previously for the torsionally driven cylinder
(Hourigan et al. 1995). In addition, resolution studies using a series of meshes of
increasing ﬁneness veriﬁed that the global solution error in the velocity ﬁeld was
better than 0.1 %.
3.3. Tracer diﬀusivity
Numerical experiments simulating dye tracing were then undertaken by introducing
particles near the centre of the top non-spinning lid. This mimics the way dye traces
are typically introduced into ﬂows. The motion of the dye is found by simulating
the Langevin equation which appears when the full velocity ﬁeld is replacing the
linearization in (2.4). In each time step, a Gaussian distributed random walk is added.
The variance σ 2 of the random walk is related to the time step t and the r.m.s.
level  by σ 2 =  2 t (Ghoniem & Sherman 1985). From this, a molecular Schmidt
number (Sc = ratio of momentum diﬀusivity to mass diﬀusivity) can be calculated. In
the three-dimensional computations, the tracer particles are released randomly within
a small circular cross-section, analogous to dye injection or precipitated particle
generation in the experiments. The time integration of particle positions is performed
using the standard second-order Adams–Bashforth method. The ﬂuid velocity at
particle positions is calculated using polynomial interpolation corresponding to the
ﬁnite-element discretization, thereby retaining the spatial accuracy of the velocity ﬁeld
solution within mesh elements, not just at nodal points. The time step is suﬃciently
small that the particle paths accurately trace out the streamlines of the ﬂow when
the random walk component is switched oﬀ. The random walk algorithm is tested
in a uniform axial ﬂow with a Gaussian initial distribution of particles, where an
analytical solution can be obtained. Excellent agreement is obtained.
The eﬀect of the two parameters on the visualization results was quantiﬁed in this
study: the oﬀset of the injection point relative to the central axis of the cylinder; and
the mass diﬀusivity (or Schmidt number) of the tracer in the ﬂuid.
3.4. Results and discussion
The main hypothesis to be tested is that even for a purely steady axisymmetric ﬂow
ﬁeld, namely the closed bubble of vortex breakdown in a torsionally driven cylinder,
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(a)

(b)

Figure 5. The streamlines of predicted axisymmetric ﬂow for Reynolds number 1850 and
aspect ratio 1.75. (a) Full diametral plane; (b) the enlarged view of the recirculation bubble
with centreline axis.
(a)

(b)

(c)

(d)

Figure 6. The particle trace plots as the oﬀset of dye introduction from the centreline is
increased: (a) no oﬀset, (b) oﬀset = 0.000625D, (c) oﬀset = 0.00125D, (d) oﬀset = 0.001875D.
Zero mass diﬀusion, Re = 1850, aspect ratio 1.75.

seemingly quite carefully implemented passive tracer visualization can suggest that
the bubble is open and asymmetrical.
The ﬂow ﬁeld was predicted for a Reynolds number of 1850 and an aspect ratio
of 1.75, after Spohn, Mory & Hopﬁnger (1998). The Reynolds number is deﬁned as
Re = ΩR 2 /ν, where Ω is the angular velocity of the rotating cover, R is the radius of
the cylinder, and ν is the viscosity of the ﬂuid. The streamline pattern of the predicted
axisymmetric ﬂow is shown in ﬁgure 5. A recirculation bubble is found on the central
axis, similar in general shape to that observed experimentally except that it has a
closed form and is constrained to be purely axisymmetric.
The eﬀect of feeding in tracer particles from a circular cross-section oﬀset from the
central axis was then investigated. First, the tracer particles were allowed to follow the
streamlines of the general ﬂow. The oﬀset of the circular cross-section through which
particles were released was varied between 0 and 0.001875 times the cylinder diameter,
D. Particles are only plotted when they lie in the range −0.0025D 6 y 6 0.0025D, to
mimic the way ﬂuorescent dye images are often taken with a thin laser sheet. Here,
y is the coordinate into the page. The predicted visualization patterns are shown in
ﬁgure 6. When the tracer particles are released from within a circle, of radius 0.0025D,
concentric with the cylinder, the predicted ﬂow pattern of the tracer is symmetrical
everywhere in the ﬂow (see ﬁgure 6a). However, oﬀsetting the particle release positions
by even minute amounts is seen to introduce an increasingly distinct asymmetry to
the ﬂow, although the bubble remains closed.
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Figure 7. Plots showing the eﬀect of tracer mass diﬀusivity (a) Sc = ∞, i.e. no diﬀusion,
(b) Sc = 2000, (c) 20 000, (d) 200 000. There is no oﬀset of injection from the central axis.
Re = 1850, aspect ratio 1.75.
(a)

(b)

(c)

(d )

Figure 8. Plots showing the combined eﬀect of tracer diﬀusion (Sc = 2000) and dye oﬀset, (a)
no diﬀusion or oﬀset, (b) oﬀset = 0.00125D, (c) 0.0025D (d) 0.00375D. Re = 1850, aspect ratio
1.75.

Next, the independent eﬀect of introducing a mass diﬀusivity (i.e. diﬀerent Schmidt
number) of the tracer material was investigated in the case of a zero oﬀset of the
tracer particle introduction (ﬁgure 7). As the tracer Schmidt number is decreased,
particles are increasingly able to ‘diﬀuse’ across the closed streamlines around the
recirculation bubble, both into and out of the breakdown region. Additional diﬀusivity
of the tracer produces the image of an increasingly open vortex breakdown bubble.
Note that the appearance of the visualizations is somewhat aﬀected by details of
the numerical imaging method. Here, the particle positions are recorded as they
pass through the domain and the image is constructed by mapping the positions to
a discrete 512 × 512 pixel image. The image brightness (or darkness) at each pixel
position is obtained summing the contributions of nearby particles assuming each has
an associated Gaussian density distribution. This allows for some image smoothing.
Nevertheless, despite using 10 000–20 000 tracer particles for each image, and because
the particle positions are only captured when they pass through a small imaging
window, the images are still somewhat grainy, especially for the most diﬀusive case
Sc = 2000.
When the eﬀects of dye oﬀset and diﬀusivity are combined, it is possible to
reproduce features of the asymmetrical and open bubbles observed experimentally.
The predicted tracer particle distributions for successive times in the case of combined
non-zero injection oﬀset and tracer mass diﬀusivity are shown in ﬁgure 8. The timedependent formation of the dye-visualization is shown in ﬁgure 9.
The eﬀect of a small and a larger dye injection oﬀset predicted numerically,
compared with the observations of Spohn et al. (1998), and with Sotiropoulos et al.
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Figure 9. Diametral view of predicted tracer pattern at successive stages of numerical tracer
entering the vortex breakdown region. Re = 1850, aspect ratio = 1.75, dye oﬀset = 0.0025D,
Sc = 2000.
(a)

(b)

(c)
(d)

( e)

Figure 10. Simulation with (a) oﬀset = 0.00125D and (b) 0.00375D. Re = 1850, aspect
ratio = 1.75, Sc = 2000. (c) Dye visualization of Spohn et al. (1998). (d) Dye visualization
of Sotiropoulos et al. (2002), no lid tilt and (e) lid tilt, showing the apparently open bubble at
Re = 1850, aspect ratio 1.75.

(2002) for diﬀerent lid tilts, is shown in ﬁgure 10. The common features, for both lid
tilt and no intended lid tilt, are the open nature of the bubbles and the asymmetry of
bubbles with alternating folds in the dye patterns.
Spohn et al. (1998) note that that, ‘Neither in the horizontal plane adjacent to
the cover, nor in a vertical diametral plane can we see any asymmetries. Clearly the
electrolytic precipitation supplied tracer particles in a highly axisymmetric way.’ We
have shown by the current study and the previous one on pre-vortex breakdown spirals
(Hourigan et al. 1995) that even a ‘highly axisymmetric way’ may not be suﬃciently
axisymmetric to avoid an asymmetric trace. By deﬁnition, a vortex breakdown bubble
involves the rapid and relatively massive dilation of streamlines; that is, the radial
expansion of streamlines away from the central axis can be large. Therefore, even
asymmetries in the streaklines that are imperceptible to the eye are ampliﬁed to
signiﬁcant magnitudes at the breakdown bubble.
The behaviour seen in ﬁgures 6–9 is described well by the theory of § 2.2. The
wavelength of the dye density pattern is independent of the dye oﬀset (ﬁgure 8),
which is modelled by the parameter δ in (2.16). Only the amplitude of the density
variation increases with dye injection oﬀset, making the pattern more clearly visible
for larger oﬀsets. To further validate the model quantitatively, we have tested the
predictions of the theoretical model against the directly measured density variation
from the numerical simulations. To do this, we have found the radial variation of the
equilibrium particle density along a meridional intersection of the lower breakdown
bubble surface, corresponding to ρ∞ (x, 0, 0), equation (2.16). This is done by ﬁnding
the number of particles in each radial increment of a thin axial slice and dividing by
the volume increment to give an estimate of the local particle density. The resulting
distributions shown in ﬁgure 11 should be compared with similar theoretical plots
in ﬁgure 4. The amplitude further away from the stagnation point is approximately
constant, consistent with the theory. The initial decrease in amplitude closer to the

Dye visualization near a three-dimensional stagnation point
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Figure 11. Numerically obtained distribution of dye along the lower part of the breakdown
bubble for Re = 1850 and aspect ratio 1.75. (a) Sc = 105 ; (b) Sc = 104 . Dye oﬀset is 0.001R.

stagnation point is caused by the ﬁnite axial width of the slice. Moving radially
inwards towards the stagnation point, the amplitude of the oscillation shown in
ﬁgure 6(d) progressively increases, so that some particles are not included in the
integration volume. In fact close to the centre, particles are spread over a large axial
distance and hence the particle density falls to low levels at the origin.
According to (2.18), the ratio xn+1 /xn of consecutive maxima (and minima) is
asymptotically constant with the value exp(−2πα/β) for xn → 0. Computing this
constant from the data in ﬁgure 11 from the peaks closest to the origin, we ﬁnd the
values 0.54 and 0.52, respectively. This compares well with the constant computed from
the numerically obtained velocity ﬁeld, where we obtain the value 0.52. Computing
the ratio xn+1 /xn for all the peaks shown shows a very small variation, even quite far
from the axis, and we ﬁnd the average values 0.51 ± 0.07 for Sc = 105 and 0.46 ± 0.07
for Sc = 104 . It is not obvious that this accurate quantitative agreement should hold
except at close to the stagnation point. The theory is based on a linearization at the
cylinder axis, and we have obtained no estimates of how far out along the bubble
surface it is a valid approximation. However, the variation of the angular velocity is
less than 25 % out to 40 % of the bubble radius, which is consistent with the validity
of the linearization extending quite far away from the stagnation point. Furthermore,
even if a nonlinear correction of (2.18) was obtained giving a more precise estimate of
the distribution of concentration peaks away from the stagnation pattern, the present
analysis captures the essentials of the mechanism behind the pattern formation.
We conclude this section by showing some results for other values of the system
parameters. Figure 12 shows the decisive parameter α/β as a function of Re for aspect
ratio 1.75. The parameter shows only a small variation, which is reﬂected in the dye
patterns shown in ﬁgure 13(a–c). In all cases, the distribution of dye near the lower
stagnation point has very comparable wavelengths, even if the overall bubble shape
changes signiﬁcantly.
In ﬁgure 13(d), a case with two breakdown bubbles is shown. While the dye pattern
close to the lower stagnation point of the top bubble is in agreement with the previous
cases, the dye close to the lower stagnation point of the lower bubble appears to be
homogeneously distributed. This is not surprising. First of all, the ﬂow of the dye as
it passes the top bubble results in a signiﬁcant spread, and the injection relative to
the lower bubble is quite diﬀerent from that assumed in the model. Furthermore, for
the lower bubble α/β = 0.045, which is much less than the value for the top bubble.
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Figure 12. Variation of the parameter α/β at the lower stagnation point as a function of Re
for aspect ratio 1.75.
(a)

(b)

(c)

(d)

Figure 13. (a–c) Dye patterns for aspect ratio 1.75 and Re = 1550, 1850, 2150, respectively.
(d) Aspect ratio 2.0, Re = 2060. In all cases, Sc = 104 . Dye oﬀset is 0.0125D.

Thus, the swirl is much higher around the lower bubble, and this gives rise to a much
smaller separation of windings according to (2.18). That is, any structure in the dye
distribution that may have survived the transport through the top bubble will be
smeared out.

4. Conclusions
Although a number of cases have been documented previously where streamlines
and streaklines diﬀer in unsteady ﬂows, we have shown here that this can occur also
in a steady ﬂow. Tracer ﬂuid can be transported across otherwise forbidden dividing
streamlines as a result of mass diﬀusion. In the particular case of a vortex breakdown
bubble, this can make the bubble appear to be an ‘open’ rather than ‘closed’ structure.
The addition of even a minute oﬀset from the central axis to the introduction of the
‘dye’ resulted further in an apparent asymmetry of the ﬂow.
Experimental observations of asymmetric and open vortex breakdown bubbles can
be reasonably reproduced by computational simulation even in a purely axisymmetric
ﬂow ﬁeld. An analytical model, based on the Fokker–Planck equation, is found
to predict well the density variations of the dye visualization expected near the
downstream three-dimensional stagnation point of the vortex breakdown bubble. The
model shows that, to lowest order in the Schmidt number and the dye injection oﬀset,

Dye visualization near a three-dimensional stagnation point
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the structure of the pattern depends only on the ratio of the axial expansion rate α
and the swirl β at the lower stagnation point of the breakdown bubble.
Imperfections in rigs have been shown previously to lead to asymmetrical and
open vortex breakdown patterns. This is an inherent and unavoidable eﬀect which
will occur in any experiment. The present work shows that, on top of this eﬀect,
dye injection may produce patterns which are artefacts of the visualization technique.
Geometrical imperfections give rise to a highly complex ﬂow. Not only does the
bubble fold asymmetrically, the interior of the bubble is ﬁlled with a nested structure
of KAM tori and chaotic regions. These are, however, not generally available from a
visualization experiment. In the standard set-up we have discussed here, dye is released
above the breakdown bubble, and hence visualizes only the bubble surface. We have
shown that an asymmetric bubble shape may occur solely because of diﬀusion, and
hence describes well the experimental ﬁndings. However, a complex pattern inside the
bubble will not occur because of dye diﬀusion alone. This will require some asymmetry
of the rig. We do not consider diﬀusion of dye as an alternative explanation of a
complex breakdown bubble structure to the well-established eﬀect of geometrical
imperfections, but as an independent physical eﬀect. In a given experiment, both
imperfections and diﬀusion will be present, and it is diﬃcult to assess which will be
the most important.
The main conclusion from the current study is that even if a perfect experimental
rig could be constructed, visualization techniques using dye will probably result in the
observation of asymmetrical and open vortex breakdown bubbles. This conclusion can
be logically extended to other ﬂows with hyperbolic critical points which will cause
substantial ampliﬁcation of perturbations as dye advects towards the stagnation point.
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Appendix. Saddle-point approximations
Here, we brieﬂy sketch how the approximation (2.16) is obtained. Let the functions
g, h be deﬁned on an interval I and let x0 be a quadratic maximum for h
(h (x0 ) = 0, h (x0 ) < 0) in the interior of I . Then asymptotically, as  → 0+ , the
saddle point method yields





2π
h(x)
h(x0 )
dx = g(x0 ) − 
,
(A 1)
g(x) exp
exp
2
h (x0 )
2
I
which is independent of the size of the interval I (de Bruijn 1970).
Since the dynamics (2.4) is not explicitly time-dependent, we have
p(r, t | r 0 , t0 ) = p(r, t − t0 | r 0 , 0).

(A 2)

From this it follows that
t

t

ρc (r, t | r c , t0 ) dt0 =

ρ(r, t) =
0

ρc (r, τ | r c , 0) dτ,
0

and hence it suﬃces to consider the release time t0 = 0 only.

(A 3)
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We ﬁrst approximate the integral (2.13). This has the form (A 1) with
h(θ) = −

α
({x − e−αt [r0 cos(βt + θ) − δ cos(βt)]}2
1 − exp(−2αt)
+ e−2αt {r0 sin(βt + θ) + δ sin(βt)}2 ),

which is independent of ζ and


2α
2
 3/2 exp
(ζ /)
1 α
1 − e−4αt
√
,
g= 3
 π
(1 − e−2αt ) e4αt − 1

(A 4)



(A 5)

which is independent of the integration variable θ. For x > 0, the maximum of h is
attained, to ﬁrst order in δ, at
θ0 = −βt −

e−αt sin(βt)
δ,
x

(A 6)

while for x < 0 it is

e−αt sin(βt)
δ.
(A 7)
x
We consider ﬁrst x > 0. Inserting in (A 1) and expanding to ﬁrst order in δ, an
approximation of ρc is obtained. Inserting this in (2.14), an integral of the form (A 1)
is again obtained with
 2
ζ
((x − e−αt r0 )2 − 2δ cos(βt)e−αt (x − r0 e−αt )
2α
−
α
(A 8)
h(t) =
1 − e−4αt 
1 − e−2αt
θ0 = π − βt −

and

√



2α
1
cos(βt)
√
√
δ
.
1
+
√
 2 π e2αt − 1 1 − e−4αt r0 xeαt
2xeαt
The maximum of h is, to lowest order in the parameters, located at

 
 
1
β
r0
1
r0
1 4r02 x 2 2
cos
ζ .
+
ln
δ+
t0 = ln
α
x
αr0
α
x
α r04 − x 4
g(t) =

(A 9)

(A 10)

Applying the saddle-point approximation, the formula (2.16) follows for x > 0. The
entire procedure is repeated for x < 0, yielding identical computations except for some
changes of sign, and (2.16) results.
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