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A B S T R A C T

This review summarises first the studies that have been performed to date for establishing a suitable model
for mixed convection phenomenon in packed beds with working fluids include some simplifying assumptions
such as local thermal equilibrium (𝐿𝑇𝐸) condition, neglect of channelling effect, and neglect of thermal
dispersion effect. It was found that most of these studies are based on Darcy’s model for the flow and on
an averaged single equation model (𝐿𝑇𝐸) for the energy equation with using the Boussinesq approximation
to represent the variation in fluid density. Theoretical, numerical, or experimental studies, or studies which
combine these approaches, are reviewed and for various 2- or 3-dimensional geometries such as horizontal,
vertical or inclined parallel plate channels, ducts, cylinders, annuli, etc. In addition, the literature showed
that there has been resealable efforts exerted to report works on the non-Darcian mixed convection, in which
the effects of boundary, inertia, porosity variation, and inclusion of thermal dispersion under local thermal
equilibrium condition (𝐿𝑇𝐸) or under thermal non-equilibrium condition (𝐿𝑇𝑁𝐸).
1. Introduction

The transport process through a porous media has been the topic
of numerous studies over many decays. The intensive interest in this
problem comes from the sophisticated phenomenon associated with the
energy transport during the solid matrix of porous media. Indeed, the
existence of such intricate solid structure in the track of the fluid flow
expands the liaison surface area, and hence augments the capability of
the thermal system to transfer energy [1]. Natural and manufactured
porous materials have a broad range of engineering applications in con-
temporaneous technology. Such implementations can be found in areas
such as heat exchangers, solar collectors, geothermal engineering, coal
combustors, chemical catalytic reactors, building thermal insulations,
petroleum reservoirs, injection moulding, industrial and agricultural
water distribution, drying technology, die filling, electronic cooling,
heat pipe technologies, energy storage units, food processing, and
several other applications, see for example [2–5]. Despite the fact that
the flow mechanism inside porous media has preoccupied engineers,
geophysicists, and scientists since the beginning of the last century, the
phenomenon of convection energy transport has achieved the situation
of a separate field of research only within the past few decades.

In fact, the fluid dynamics during porous media is a comparatively
old subject. Four principal stages can be recognised from an overview of
the sequential evolution of fluid flow within a saturated porous medium
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theory. The first model was introduced by Darcy [6] who developed
a linear relationship well-recognised as Darcy’s law, which describes
the fluid motion in boundless porous media. Indeed, the Darcy’s law
demonstrates only the influence of linear frictional drag as a conse-
quence of existence the solid matrix of porous media, and ignores the
effects of inertial forces and solid boundaries. After that, the capability
range of Darcy’s law was developed in the second major stage by Forch-
heimer [7]. He added a high-order velocity term that represents the
inertial effects of porous media to model the nonlinear connection
between the pressure gradient and the flowing fluid. Thereby, the
Darcy–Forchheimer model has become significant for modelling the
flow velocity in porous media with high-porosity or for fluids with
lower viscosity. Moreover, the existence of an external solid boundary
results in a concept of the momentum boundary layer within the flow
field. In spite of the fact that the effect of solid boundary is restricted
in a slim momentum boundary layer and acts a trivial function in the
general flow consideration, its influence on energy transport might be
rather crucial. This effect is further distinguished when the thermal
boundary layer having a thickness of the same order or less than that
of the momentum boundary layer. This is supposed to happen in heavy
fluids with high Prandtl numbers and large pressure differences such
as engine oils. Therefore, this effect was added to the Darcy model as
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a viscous term by Brinkmann [8]. However, Brinkman did not take
into consideration both the boundary and the inertial effects simul-
taneously. Furthermore, the last stage can be identified by the model
established by Wooding [9], where the convective inertia term in the
divergence form was added to the Darcy equation. Consequently, these
stages are brought together in a single generalised momentum equation
that incorporates the Forchheimer, Brinkmann, and Wooding models
with the well-known Darcy equation, referred to in the literature as the
Brinkman–Forchheimer-extended Darcy model. This model has become
a more popular tool to investigate the momentum transport throughout
porous media.

As a matter of energy transport, the essential assumption predom-
inantly employed in modelling is that of local thermal equilibrium
(𝐿𝑇𝐸) among both the fluid and solid phases at every instant of time. In
this case, merely one energy equation is needed to simulate the thermal
conduct. However, the performance of several thermal systems relies on
the non-equilibrium degree between both phases. Thus, the (𝐿𝑇𝐸) ap-
proximation becomes invalid, therefore two energy equations, i.e. one
for each phase, are needed, which are coupled by convection term. The
first two-phase energy (𝐿𝑇𝑁𝐸) model was derived by Schumann [10]

ho suggested a simple expression for accounting the non-equilibrium
tate for incompressible forced convective flows in porous media. The
dditional convective term between the two phases in the (𝐿𝑇𝑁𝐸)

model requires information about the particle-to-fluid convective co-
efficient. A large volume of research has been conducted, for instance
[11–16], to formulate such coefficient in different porous beds. Also,
the flowing fluid component in porous media bears sinuous tracks, and
the macroscopic fluid mixing is referred to as a mechanical dispersion.
Thermal characteristics are strongly influenced by this mechanism, in
all directions with reference to the bulk flow. The experimental studies
of [17–19] were the pioneers in this regard, besides later works done
by [20–24].

Interesting, a large volume of research has been published in various
fields of interest relating to convection in porous media. Worthy review
articles have been reported by [1,25–32] for summarising the latest
literature testifies to the ripeness of convection in porous media overall.
However, the existing literature has been mostly dedicated to either
forced or natural convection, and the area of combined forced and
natural convection, which constitutes the interaction between these two
modes, has been, by comparison, largely overlooked. In fact, there are
several thermal systems are working in the mixed convection regime,
for instance, heat sinks, cooling of electronic instruments, solar plants,
heat exchangers, etc, see [33–35]. So, it is important as other modes
of heat transfer. In mixed convection, there are two driving forces
namely; buoyancy forces and forced convective flow, which are in
conflict for domination. Indeed, interestingly, there is a high possibility
of obtaining oscillatory convective flows (unsteady solutions) in such
systems depending on the directions of the driving conflicting forces.
Therefore, in order to assist out the reader in appreciating the impor-
tance of the research that has been performed about mixed convection
in porous channels, an appropriate literature review was undertaken
and is summarised in this article. To illustration, the studies that used
Darcy model to describe the flow in mixed convection throughout a
porous media will be reviewed first, and then the studies that included
the non-Darcian effects. Later, the literature will describe the researches
based on the use of (𝐿𝑇𝑁𝐸) energy model in mixed convection to give
good clarity about the shortage of using this model in mixed mode of
heat transfer within the porous media.

2. Literature review

2.1. Darcian mixed convection

The studies reviewed in this section used Darcy model for calcu-
lating the flow velocity throughout porous media. As mentioned in
the prior section, Darcy’s law was the first and most basic empirical
2

formulation introduced by Darcy [6]. He conducted an experimental
research to study the water flow within a vertical column filled with
sand and found that the flow velocity is proportional to the pressure
gradient in the flow direction as follows:
𝑑𝑝
𝑑𝑥

= −
𝜇𝑓
𝐾𝑢𝐷

, (1)

where, (𝐾) is the permeability of the porous medium, and (𝑢𝐷) is the
Darcian fluid velocity in the 𝑥-direction. It cab be seen in Eq. (1) that
Darcy’s law does not take into consideration the flow inertia effects and
the rigid wall effects existed next to the porous medium. Indeed, there is
a general consensus, see for example, Palm et al. [36],Chandrasekhara
and Vortmeyer [37], and Bear and Corapcioglu [38], that this model
is valid only when the Reynolds number, on the basis of the particle
diameter or the square root of permeability, is less than unity and
becomes inadequate either at high flow rates or in a high porosity
media.

The works of [39–43] were the pioneering researches that used the
Darcy model to conduct earlier analyses into forced and free convection
within porous media. Nevertheless, their principal attention was to
test the flow instability and the determination of the circumstances
that give rise to mixed convection. Combarnous and Bia [44] was
one of the first studies to utilise both experimental measurement and
numerical computation to examine the convection onset in a porous
bed confined with two parallel impervious boards. It was assumed
that the convection occurs when (Ra > Ra𝑐𝑟𝑖𝑡 = 4𝜋2), where (Ra)
is the Rayleigh number and (Ra𝑐𝑟𝑖𝑡) is the critical Rayleigh number.
Their findings showed that neither the circumstances for the convection
onset nor the relationship between Ra and Ra𝑐𝑟𝑖𝑡 were affected by the
presence of a low flow velocity. This finding was agreed with the
linear analysis of Prats [41]. By employing the formulation of boundary
layer, and utilising the similarity and integral methods, Cheng and co-
workers [45–49] performed many of extensive works to investigate
mixed convection over horizontal, vertical, and inclined slabs. In the
work of Cheng [46], Cheng obtained the similarity solutions for a
specific instance when the wall temperature (𝑇𝑤 = 𝑇∞ ∓ 𝑎𝑥𝑛) and
the free stream velocity (𝑢∞ = 𝑏𝑥𝑚) change in accordance with the
power function of distance, where (𝑎), (𝑏), (𝑛), and (𝑚) are constants.
They found that the similarity solutions subsist merely when (𝑛 =
(3𝑚 + 1)∕2). Minkowycz et al. [50] modified the work of Cheng [46]
to the situation when the wall temperature varies arbitrarily based on
power law for both stagnation-point and parallel flows, where acquiring
similarity solutions are inaccessible. They used the local non-similarity
method to obtain approximate solutions for mixed convective flows
over a hot wall immersed in porous medium with wall temperature
being a power function of distance. Following, Chandrasekhara [51],
also developed the work of Cheng [46] to incorporate the influence of
variable permeability for the same two cases. It was revealed that the
variation of the permeability considerably enhances the rates of heat
transfer. Later, Nakayama and Koyama [52] and Nakayama and Pop
[53] obtained approximation solutions for the problem of boundary
layer flow in mixed convection over walls embedded in porous media
using the local similarity solution method. For example, Nakayama
and Pop [53] developed an integrated similarity transformation that
covering every possible similarity solution in forced, natural, or mixed
convection throughout non-Darcy and Darcian porous media.

Aldoss et al. [54] reported non-similarity solutions under condition
of variable heat flux (VHF) (𝑞𝑤 = 𝑎𝑥𝑛) about a horizontal wall sub-
merged in a porous substrate utilising two different transformations,
where (𝑎) and (𝑛) are constants. In first one, the non-similarity pa-
rameter (𝜉(𝑓𝑜𝑟𝑐𝑒) = Ra𝑥Pe2𝑥) was employed, and the solution covered
the system when forced convection is predominated. The second one
involved the non-similarity parameter (𝜉(𝑛𝑎𝑡𝑢𝑟𝑎𝑙) = Pe𝑥Ra1∕2𝑥 ), and the
solution covered the system controlled by free convection. It is to
mention that (Pe𝑥) and (Ra𝑥) are the local Péclet and Rayleigh numbers,
respectively. The solution of the whole mixed convection was estab-
lished utilising the solutions of both systems to prevent any singularity
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difficulty at the limitative ends. Aldoss et al. [55] used similar tech-
nique employed by Aldoss et al. [54] to solve similar problem but with
variable wall temperature (VWT) heating condition (𝑇𝑤−𝑇∞ = 𝑎𝑥𝑛). In
this study, the non-similarity parameter (𝜉(𝑓𝑜𝑟𝑐𝑒) = Ra𝑥Pe3∕2𝑥 ) was used
to address the problem in the regime dominated by forced convection,
and (𝜉(𝑛𝑎𝑡𝑢𝑟𝑎𝑙) = Pe𝑥Ra2∕3𝑥 ) was employed covering the regime dominated
by free convection. In both studies Aldoss et al. [54,55], two non-
similarity parameters were employed for each heating case, and basic
correlations for local and average Nusselt numbers were formulated for
the whole mixed convection regime. After that, once again the same
authors Aldoss et al. [56] solved the same problem treated by Aldoss
et al. [54,55] using also similar technique but this time to obtain
a single non-similarity parameter that covers the overall regime of
combined natural and forced convection. They solved the problem for
the two heating cases, (VHF) and (VWT). The single non-similarity
parameter for the case of (VHF) was (𝜒∗

(𝑥) = 1∕
(

1 + (Ra∗𝑥Pe2𝑥)1∕4
)

),
whereas the another parameter for the case of (VWT) was (𝜒 ′

(𝑥) =
1∕

(

1 + (Ra𝑥Pe3∕2𝑥 )1∕3
)

). It was found that both cases have the same
temperature profiles, in relation to the variations of the velocity and
temperature gradients, as well as the variation of the thermal boundary
layer thickness at the surface relating to non-similarity parameters.

All solutions that have been found in all previous aforementioned
studies have been dependent on the boundary layer theory using the
Darcy model. Considering the full Darcy equation, there have been
comprehensive numerical works to investigate the effects of buoyancy
forces on the forced flow throughout horizontal porous channels. Haa-
jizadeh and Tien [57] considered the case where the forced flow and
the temperature gradient are introduced in the same horizontal direc-
tion. Thus, the buoyancy-driven movement is due to the temperature
difference between the channel ends, while the forced flow is caused by
the pressure gradient at the channel ends. They examined numerically
and analytically the influence of the following non-dimensional pa-
rameters: Rayleigh number, Péclet number, and the aspect ratio of the
channel (length/height). It was shown that there is a non-linear interac-
tion between the forced flow and the thermally driven motion through
the channel, affecting the velocity and temperature fields. However,
the heat transfer augmentation owing to the contributions of these
two forces might be summed together. It was also shown that even
small values of Péclet number can considerably redistribute the tem-
perature within the canal, and high values of it suppress significantly
the free convection. Hence, a linear behaviour for the temperature with
negligible dependence on the vertical position were obtained.

By contrast, [58–60] studied the case where these two driving
forces are perpendicular to each other. Thus, the through-flow is in the
horizontal direction and the buoyant flow is imposed in the vertical
direction by a localised heater positioned on the lower wall, for various
thermal boundary conditions. For instance, Lai et al. [58] considered
the thermal boundary condition when both the upper and lower walls
are isothermally cooled. They investigated the steady-state mixed con-
vection for different Rayleigh and Péclet numbers when the heater
length is similar to the porous layer thickness, e.g. (𝐿ℎ∕𝐻𝑝 = 1). The
results revealed that for small Péclet numbers, the entire channel is
dominant by the buoyancy effects, generating two symmetric recircu-
lating vortices close to the heater edges. The temperature distribution
was also found to be approximately symmetric around the centre
line of the heater, as shown in Fig. 1a. However, as Péclet number
increases, see Figs. 1b and 1c, the symmetry nature of the thermal field
deforms, and the intensity of the vortices decreases, demonstrating the
commencing of the forced convection dominance.

Different to the case of Lai et al. [58,59] considered another ther-
mal boundary condition, which is the top surface of the channel is
isothermally cooled, while the bottom surface is assumed to being
insulated unless the heated section. They also investigated the steady-
state case of mixed convection. They examined the effect a heater
length (𝐴 = 𝐿ℎ∕𝐻𝑝 = 0.5−5) on the velocity configuration, temperature
distribution, and rates of energy transport, for variant Rayleigh and
3

Péclet numbers. They reported that at low Rayleigh numbers, changing
the size of heat source does not influence the thermal field, and
produces basically similar bi-cellular flow behaviours, as illustrated in
Fig. 2. However, at large Rayleigh numbers, recirculating multi-cells
were developed, but the transition from a multi-cellular flow into a bi-
cellular flow was noticed to be reliant on Péclet number, as displayed in
Fig. 3, which is similar to that observed by Lai et al. [58]. Prasad et al.
[60] considered the same problem and thermal boundary condition
of Lai et al. [59], which is top horizontal wall isothermally cooled
with adiabatic bottom wall containing a finite isothermal heater, but
this time for a heater length of (𝐿ℎ∕𝐻𝑝 = 1), similar to that assumed
by Lai et al. [58]. The results showed similar bi-cellular flow reported
by Lai et al. [58], and displayed in Fig. 1a, for two pairs of rotating
cells generated near the heater at low Péclet number and high Rayleigh
number.

Mixed convection heat transfer from a flat plate immersed in a
porous layer located near and under an insulated flat surface, demon-
strated in Fig. 4, was numerically examined by Oosthuizen [61]. The
plate was heated to a uniform temperature, which is higher than the
temperature of the flowing fluid. Solutions were obtained for values
of the forced flow parameter Péclet number (Pe = 0 and 300), the
buoyancy parameter

(

Ra∗Pe = 0 and 8
)

, where (Ra∗) is the Darcy–
Rayleigh number, and the depth of plate below surface (𝐻𝑝 = 0.25,
0.35, 0.5, and 0.5). It was indicated that when the buoyancy effects
are neglected, the impact of the impermeable adiabatic surface on
the heat transfer rates become negligible at (Pe > 2𝐻2

𝑝 ), whereas in
the combined convection region, the presence of the surface causes a
significant increase in the rate of heat transport on the upper surface of
the plate. The results also clarified that the mean Nusselt number varies
linearly with the buoyancy parameter for any given values of (Pe and
𝐻𝑝) in the mixed convection region.

Lai et al. [62] investigated numerically unsteady natural and com-
bined convection within a flat porous layer heated from the bottom
by multiple, isothermal, discrete heat sources. The disconnected heat
sources are assumed to have the same length and are separated from
each other by a constant interval. It was noted that, for free convection
or for mixed convection at small Péclet numbers, the flow and tempera-
ture fields for a long single heater are very similar to those for multiple
heaters. For example, their free convective flow behaviour for two
heaters of (𝐿ℎ∕𝐻𝑝 = 1) at (Ra=100) is similar to the mixed convective
flow for long heater (𝐿ℎ∕𝐻𝑝 = 3) at low Péclet number (Pe=0.1) and
high Rayleigh number (Ra=100) reported by Lai et al. [59], see the
comparison in Fig. 5. However, as Péclet number increases, the flow
structure and the variation of local Nusselt number for these two cases
are entirely different. For a single heat source, the heat rejected to the
top wall is mainly by the first inner cell, and the second cell has a less
contribution. However, for the multiple sources, the internal cells have
equal contribution to the heat transferred. Another interesting finding,
which was not observed and reported by previous studies of [58–60],
is that oscillatory flows are developed causing unstable thermal fields
at Péclet number (Pe = 5) and Rayleigh number (Ra = 100). This is
owing to the instability of the thermal boundary layer resulted from the
repeated thermal disturbance caused by the preceding source. Similar
oscillatory flows were also reported by Lai and Kulacki [63] and Lai and
Kulacki [64] when considering a long single heater. They reported that
this instability of the hydrodynamic field is owing to the demolition
and restoration processes of the flow recirculation, and the period of
the oscillation is found to be a function of Péclet number.

Experimental study was conducted by Lai and Kulacki [65] for the
same problem described by Prasad et al. [60], but this time for natural
and combined convection inside a horizontal bed packed with glass
spheres under a heating action from the bottom by a localised heat
element. They used (3 mm) diameter spheres saturated by water as
a working fluid, and considering three various sizes of heat source
((source length)(layer depth) = (𝐿ℎ𝐻𝑝) = 1,3, and 5). For mixed

convection, the experimental results were obtained for Péclet number



Thermal Science and Engineering Progress 32 (2022) 101242G.F. Al-Sumaily et al.
Fig. 1. Results of Lai et al. [58] for the influence of Péclet number (Pe) of (a) 1, (b) 5, (c) 10, on the flow field in a porous channel heated from below by a heater of size
(𝐿ℎ∕𝐻𝑝 = 1), at Ra=100.
Fig. 2. Results of Lai et al. [59] for the effect of heater size (𝐴 = 𝐿ℎ∕𝐻𝑝) of (a) 0.5, (b) 2, (c) 3, (d) 5, on the flow behaviour within a porous channel heated from below at
Ra=10 and Pe=0.5.
(Pe = 0.1 − 120) and Rayleigh number (Ra = 1 − 1000). It was found
that there is almost a (10%) discrepancy between the experimental
data and published predicted data as a result of the inappropriate
incorporation the thermal conductivity in the energy equation. Hence,
by using the effective thermal conductivity, an excellent agreement is
achieved between these two results. In addition, at (𝐿ℎ𝐻𝑝 = 3 and 5),
the flow was noticed experimentally to become oscillatory owing to
the thermal boundary layer instability. This instability is as a result
of the strong interact between the external-induced flow which tries
to suppress the thermal boundary layer and buoyancy effects that
attempt to thicken it. Indeed, Prasad et al. [60] did not report this
flow behaviour numerically as they solved the steady-state governing
equations; however, Lai et al. [62] and Lai and Kulacki [63,64] who
solved numerically the transient Darcy’ law, predicted such oscillating
flows in horizontal porous channels.

It is well established in the literature that the flow and heat transfer
characteristics of laminar forced convection channel flows are sig-
nificantly affected by the buoyancy-induced secondary flow inside
4

rectangular ducts. Chao and Hwang [66] examined the buoyancy-
induced secondary flow coupled with a forced axial flow in a horizontal
Darcian rectangular duct displayed in Fig. 6. The duct was assumed
to be under a uniform temperature peripherally and subjected to an
axially uniform heat flux. The study was performed for a wide range
of duct aspect ratio (0.01 ≤ 𝐴𝑅 = (width height) ≤ 100) and Darcy–
Rayleigh number (0 ≤ Ra ≤ 104). They predicted dual solutions
between two-cell and four-cell flow configurations at variant Darcy–
Rayleigh numbers and duct aspect ratios. But, the interesting one
that was found at very width-narrow duct at (𝐴𝑅 = 0.1 and 0.01),
at (Ra = 5 × 103). This multiplicity flow behaviour was observed
experimentally by Buretla and Berman [67], and numerically by Islam
and Nandakumar [68] who employed Brinkman–Darcy model in a
square duct. They presumed that it might be a bifurcation phenomenon.
It was also found that when (𝐴𝑅 → ∞), the effect of vertical side
walls becomes negligible. Thus, the hydrodynamic and thermal char-
acteristics in the core region of the rectangular channel with large
values of (𝐴𝑅) are expected to be similar to that of parallel plate
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Fig. 3. Results of Lai et al. [59] for the effect of Péclet number (Pe), from top to bottom (𝑎) 0.1, (𝑏) 1, (𝑐) 8, (𝑑) 10, on the flow field inside a porous channel containing a heater
with size of (𝐿ℎ = 3 ×𝐻𝑝) at the bottom, at Ra=100.
Fig. 4. The physical problem considered by Oosthuizen [61]. (Replotted).

channel. Therefore, there should be a relationship between the onset
of the rotating eddies in the central region of the rectangular channels
and horizontal plates. Chao and Hwang [69] investigated numerically
mixed convection in a rectangular horizontal porous channel of aspect
ratio (5) under five various circumferential heating conditions. In these
five cases, an axially uniform heat flux and heat input on different
side walls are subjected, and the temperature of the heating wall is
circumferentially uniform but varies linearly in the axial direction. The
porous material is made of fine sintering copper beads of diameter (𝑑𝑝
= 0.072 mm), and the water flow is very slow (Re < 1) even the Darcy
flow model to be valid. The results demonstrated that the strength
and pattern of buoyancy-induced secondary flow are also significantly
sensitive to the circumferentially distribution of wall heat flux. It was
seen that the intensity of secondary flow and enhancement of heat
transfer in case of heating the channel from below with insulation from
above are stronger than that in the case of heating of top wall with
adiabatic bottom wall regardless of side wall heating conditions.

Saeid and Pop [70] considered similar physical problem deemed
by Lai et al. [59] and Prasad et al. [60], which is mixed convection in
a porous layer bounded by double horizontal walls, warmed from the
bottom. Also, similarly, the bottom wall is adiabatic, except the heat
source, while the upper wall is considered to be cooled isothermally.
However, Saeid and Pop [70] investigated the unsteady case of the
problem and for different heating condition, which is at fixed heat flux.
The average Nusselt number (Nu𝑚) was calculated for a particular case
of Rayleigh number (Ra = 102), but for variant values of Péclet number
(Pe = 0.1−10) and heater length (𝐿 ∕𝐻 = 1, 3, and 5), where (𝐿 ∕𝐻 )
5

ℎ 𝑝 ℎ 𝑝
represents the ratio of heater length to the porous layer thickness. As
predicted previously by Lai et al. [58,59],Prasad et al. [60],Lai et al.
[62], and Lai and Kulacki [63,64,65], the results showed that when
Péclet number is low, the mode of natural convection dominates the
system; however, for high Péclet numbers, the mode of forced convec-
tion becomes the dominant. Whereas, for temperate values of Péclet
number, it was seen that oscillatory mixed convective flows take place
for the heater lengths of (𝐿ℎ∕𝐻𝑝 = 3 and 5), and accordingly Nusselt
number was shown to vary periodically with the time, as demonstrated
in Fig. 7. Indeed, these oscillations, which were also observed in the
works of Lai et al. [62] and Lai and Kulacki [63,64,65], represent the
equilibrium status between the external flow effects and the buoyancy
effects.

In another study, Saeid and Mohamad [71] took into consideration
the buoyancy effects to research in the regime of mixed convection, but
this time in jet impingement cooling of a horizontal saturated porous
layer under the heating effect from the bottom by a finite isothermal
heat source, as displayed in Fig. 8. They presented results for the effects
of the following parameters: Péclet number (1 ≤ Pe ≤ 1000), Rayleigh
number (10 ≤ Ra ≤ 100), dimensionless jet width (0.1 ≤ 𝑑∕𝐿ℎ ≤ 0.9),
dimensionless porous layer thickness (0.1 ≤ 𝐻𝑝∕𝐿ℎ ≤ 1.0), where, (𝐿ℎ)
is a half length of the heat source. Their results indicated that when
Péclet number is high, the increase in either jet width or Rayleigh
number raises the mean Nusselt number. They also concluded that
when the space between the heated part and the jet hole decreases, the
convection heat transfer might be enhanced. Furthermore, once again
that similar to Lai et al. [62],Lai and Kulacki [63,64,65] and Saeid and
Pop [70], they could not obtain steady-state solutions for the same flow
circumstances when the buoyant flow and the exterior jet flow are in
challenge for the dominance. Instead, oscillatory convection without
reaching the steady state was found for these cases, as demonstrated in
Fig. 9.

Sivasamy et al. [72] repeated the same study of Saeid and Mohamad
[71] to investigate the thermal performing of mixed convective cooling
jet impinging a heat element immersed in a horizontal porous canal,
but this time under constant heat flux heating. They tested the impact
of the buoyancy forces of the thermal performance for the following
main parameters: Rayleigh number (Ra = 10 − 100), Péclet number
(Pe = 1 − 1000), jet width (𝑑∕𝐿ℎ = 0.2 − 2.0), and the thickness of
the porous layer (𝐻𝑝 = 0.1 − 1.0). Once again, the same conclusions
found by Saeid and Mohamad [71], were reported. Thus, for high
Péclet number, the mean Nusselt number enhances with an increase
in either the jet width or Rayleigh number. However, the mean Nusselt
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Fig. 5. (a) Free convective flow field within a porous canal containing two discrete heaters at the bottom, at Ra=100 reported by Lai et al. [62], and (b) mixed convective flow
field above a single long heater (𝐿ℎ∕𝐻𝑝 = 3) at low Pe=0.1 and high Ra=100 reported by Lai et al. [59].
Fig. 6. The physical configuration of a rectangular duct studied by Chao and Hwang
[66].

number was found to enhance as the porous layer thickness decreases.
It was also found that the counteraction of buoyancy driven flow versus
the jet flow in mixed convection mode causes unfavourable minimum
Nusselt numbers. But, interestingly, their results did show oscillatory
convective conduct as was found by Saeid and Mohamad [71], although
the transient governing equations were considered, see Fig. 10.

Saeid [73] studied conjugate heat transfer and opposing mixed
(free-forced) convective flows generated due to injecting a fluid perpen-
dicularly for cooling a rectangular thick solid wall, heated from below
and submerged inside a horizontal porous layer, as shown in Fig. 11.
He investigated the influences of wall thickness (𝐻𝑤∕𝐿ℎ = 0.1−0.5), jet
width (𝑑∕𝐿ℎ = 0.1−0.5), and solid-to-porous thermal conductivity ratio
(𝐾𝑟 = (𝑘𝑤∕𝑘𝑝) = 0.1 − 10), for different Péclet and Rayleigh numbers,
(Pe = 1 − 1000) and (Ra ≤ 100), respectively. A set of momentum and
energy steady equations was used to compute the flow and thermal
fields, therefore, the ability of capturing the features of the oscillatory
mixed convective flows was not possible, as captured by Lai and Kulacki
[64],Saeid and Pop [70], and Saeid and Mohamad [71] for the same
problem. It was reported that for low Péclet numbers, e.g. when the free
convection is dominated, a heat transfer enhancement can be obtained
by raising whether Rayleigh number or the thermal conductivity of the
solid wall, and/or by reducing the solid wall thickness. However, for
high Péclet numbers, e.g. when the forced convection is dominated, it
was predicted that the improvement in heat transfer might be achieved
by raising either Péclet number, solid wall thermal conductivity or jet
width, and/or by lessening the thickness of the solid wall. Therefore,
the study recommended that for an effective cooling to be acquired,
thinner solid wall with higher thermal conductivity should be consid-
ered, as well as by eschewing to work in the opposing mixed convection
regime as much as possible.

Sphaier and Barletta [74] and Barletta et al. [75] reported a linear
stability analysis for a mixed convective flow inside a horizontal porous
canal. Sphaier and Barletta [74] considered a 2-𝐷 plane porous stratum
bounded by double solid walls; the lower wall is heated form below
with a fixed heat flux and the top one is adiabatic. Whereas, Barletta
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et al. [75] investigated the flow instability within a 3-𝐷 horizontal
rectangular porous channel having an iso-flux lower plane and imper-
fectly conducting upper plane, while the side-planes are assumed to be
insulated. Their analyses were performed using the Darcy model and
the perturbation solution for global oblique rolls, resulting to an eigen-
value problem. The eigenvalue problem was solved by implementing
a hybrid numerical–analytical technique for defining critical values of
Darcy–Rayleigh number in terms of the perturbation angular frequency,
Péclet number, and wavenumber. The results of the first study revealed
that for oblique rolls, all nonzero angular frequency values cause
unstable flow; however, for longitudinal rolls, the only zero value of
the angular frequency was found to cause the flow instability. Whereas,
the results of the second study demonstrated the transition conditions
to the convective instability, and then to the absolute instability for
small amplitudes. It was reported that the transition to the convective
instability is vigorously sensible to Biot number, and the transition to
the absolute instability occurs with 2-𝐷 perturbations.

Ozgen and Varol [76] studied steady-state mixed convection in the
same physical configuration considered by Lai et al. [59] and Prasad
et al. [60], which is a porous layer bounded by two horizontal walls,
heated from the bottom by a localised heater. Additionally, likewise,
the lower wall is adiabatic, excepting the heater, whereas the upper
wall is isothermally cooled. However, Ozgen and Varol [76] examined
the problem for different configuration dimensions. Thus, the channel
length was assumed to be ten times greater than the channel height
(𝐿𝑐 = 10𝐻𝑐), while the length of heat source was considered to be 1/3
of the channel length (𝐿ℎ = 𝐿𝑐∕3). They characterised the influence of
Péclet number (Pe = 0.5 − 5) and Rayleigh number (Ra = 100 − 1000)
on Nusselt number and the flow behaviour. In spite of the fact that
the steady-state of Darcian model was employed, they claimed that
their results confirmed forming oscillatory flows for a short time at
low Péclet number (Pe = 0.5), after which the flow reaches the steady
state condition. However, at (Pe = 1.0), continuous periodic flows
were observed in the channel without reaching the steady state, for
different Rayleigh numbers. Indeed, their results did not show these
periodic cases. Instead, similar to what was revealed by Lai et al. [59]
and Prasad et al. [60], stable flow and temperature patterns were
reported, as illustrated for example in Fig. 12 at Péclet number (Pe
= 1.0) showing the transition into the multi-cellular flow as Rayleigh
number increases from 100 to 1000.

Aiding and opposing flows, whether adjacent to a heated vertical
surface or bounded by two vertical plates in fully developed region us-
ing the Darcy flow model, have been the topic for many works. Parang
and Keyhani [77] investigated a buoyancy-assisted mixed convective
flow in an annular filled with a porous material experiencing a regular
heating from outer and/or inner wall. Lai et al. [78] studied the conflict
between a downward or an upward through-flow and a buoyant flow
stimulated by a short heater positioned on the left bounding surface
of a two-dimensional vertical porous layer. The left surface is con-
sidered insulated except the heat element, while the right surface is



Thermal Science and Engineering Progress 32 (2022) 101242G.F. Al-Sumaily et al.
Fig. 7. Variation of average Nusselt number (Nu𝑚) with time (𝑡), for different Péclet number, and at Rayleigh number Ra=100, and for two heater sizes; 𝐿ℎ∕𝐻𝑝=3 (Top) and
𝐿ℎ∕𝐻𝑝=5 (Bottom), presented by Saeid and Pop [70]. (Replotted).
Fig. 8. The physical domain of cooling jet impinging a heat element immersed in a horizontal porous layer, Saeid and Mohamad [71]. (Replotted).
isothermally cooled, and the heater length is assumed to equal the
channel height. The numerical results revealed that when the mode
of mixed convection begins, the primary fluid flow separates from
the perpendicular surface, reattaches afterward producing a steady
recirculated subsidiary flow within the annulus. In the case of aiding
flow, separation and reattachment occur on the coldish surface, also
the convective cell broadens apart from the heater. The rates of heat
transfer were shown to be augmented with Péclet number in such assist-
ing flow case. Nevertheless, during the counter flow, the recirculation
takes place on the warmed surface, and the extent and the strength
of the convective vortex significantly rely on the values of Rayleigh
and Péclet numbers. Interestingly, it was reported that the rates of
heat transfer at lower Rayleigh numbers might be bigger than that at
higher Rayleigh numbers under particular conditions. Pop et al. [79]
examined theoretically this communication between the forced and
buoyant flows, but inside a vertical of narrow channel stuffed with a
7

porous substrate. The boundaries were maintained at identical ambient
temperatures with the exception of local heating source on the left
wall. It was predicted that there are certain values of mixed convection
parameter and duct width that have serious effects on generating
recirculating flows within the domain. For instance, regions of such
reversed flows were observed at the mixed convection parameter equals
to 2.5 and smaller duct width.

In the another work, with two iso-flux heat sources located on the
adiabatic left surface, Saeid and Pop [80] examined a stabilised mixed
convective flow in a parallel plate columnar channel immersed in a
porous material. The results were generated to show the effect of the
segregation space between the heat sources (𝐿𝑑), the lengths of heaters
(𝐿ℎ1 and 𝐿ℎ2), the ratio of their heat fluxes (𝑞1𝑞2), as well as the
external flow configuration. For aiding flows, the results referred to the
independency of thermal dissipation on the bottom heater; however,
the thermal dissipation from the top one is significantly influenced by
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Fig. 9. Variation of temporal Nusselt number for different Péclet number, at Rayleigh
number Ra=100, jet width 𝑑∕𝐿ℎ=0.9 and porous layer thickness 𝐻𝑝∕𝐿ℎ=1, reported
by Saeid and Mohamad [71]. (Replotted).

Fig. 10. Variation of temporal Nusselt number for Péclet number Pe=10 and 50, at
Rayleigh number Ra=100, jet width 𝑑∕𝐿ℎ=0.1 and porous layer thickness 𝐻𝑝∕𝐿ℎ=1,
reported by Sivasamy et al. [72]. (Replotted).

the existing of the bottom heater. It was also shown that for opposing
flow, the mean Nusselt number over the bottom heater enhances as the
separation distance between the heaters (𝐿𝑑) increases or as either the
flux ratio (𝑞1𝑞2) or the length of top heater (𝐿ℎ1) decreases. Similar
phenomenon was also investigated by Mahmud and Pop [81], but this
time in a vertical square vented cavity packed with a porous medium.
It was assumed that the forced flow is imposed to enter the cavity
throughout an inlet port and exit it via a vent, while the natural
convection was considered by heating one of the perpendicular walls
and the residual surfaces are kept adiabatic. The obtained findings
showed that the total heat dissipation from the cavity depends strongly
on the ratio of vent width to the cavity height, for fixed values of the
Rayleigh and Péclet numbers. Cimpean et al. [82] presented analytical
analysis of steady mixed convective flows within inclined parallel long
walls stuffed with a porous medium, under a uniform heat flux on
both of them. The analytical flow and thermal results were reported
on the basis of Péclet number, mixed convection parameter, and the
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inclination angle. They found that the influence of channel inclination
is strongly dependent on the value of Péclet number. Thus, for high
Péclet numbers, the inclination impact is reduced, and the solution
tends to be more symmetric or similar to the solution in the vertical
channel.

Barletta [83] and Barletta and Celli [84] used similar stability anal-
ysis carried out by Sphaier and Barletta [74] Barletta et al. [75] for hor-
izontal convective flows, employing Darcy’s law, perturbation solution,
and hybrid numerical–analytical technique, to analyse the linear stabil-
ity of vertical convective flows. Barletta [83] investigated buoyancy-
assisted and buoyancy-opposed mixed convective flows throughout
a perpendicular porous canal, whereas Barletta and Celli [84] re-
peated the investigation inside an inclined porous canal. Their analyses
were made for small-amplitude perturbations, and under the action
of different symmetric and uniform cooling/heating circumstances.
Later, Barletta and Miklavčič [85] extended the work of Barletta [83]
by taking the effects of viscous dissipation into account together with
the thermal buoyancy effects to analyse the nonlinear instability of
dissipation-provoked dual mixed convection flows inside an upright
channel.

Celik and Mobedi [86] investigated numerically and analytically the
hydrodynamic and thermal domains in a vertical duct partly stuffed
with a porous substance subjected to aided-buoyancy mixed convec-
tive flows. The investigation was performed for different governing
parameters namely; Darcy number, Grashof number, thermal conduc-
tivity ratio, and the porous layer thickness. They reported that the
opportunity of getting descending flows within the porous stratum rises
by increasing the effective thermal conductivity or by reducing the
thickness of porous stratum. Interestingly, the pressure drop along the
channel was shown to be considerably influenced by the thermal con-
ductivity ratio. Thus, Fig. 13 shows the variation of the dimensionless
pressure gradient (𝛤 ) with the Grashof/Reynolds (Gr/Re) parameter, at
two thermal conductivity ratios (𝐾 = 0.05 and 100) and two values of
Darcy number (Da = 10−3 and 10−4). The figure demonstrates that as
the thermal conductivity ratio increases inside the channel, the pressure
drop increases greatly, especially for low Darcy numbers.

2.2. Non-Darcy mixed convection

The deviations from the Darcy regime by introducing the inertial
and wall viscous forces are generally referred to as the non-Darcian
effects. In many applications, for instance packed bed catalytic reactors,
the porous medium is bounded, the fluid velocity is high and the
porosity is variable; thus, it is significant for these effects to be involved
in the problem. Large number of research studies has been reported on
the impact of non-Darcian effects on the hydrodynamic and thermal
behaviour for various media configurations. One of the first pioneering
attempts to analyse their influence on convection heat transfer was
carried out by Vafai and Tien [87] for forced convective flow during a
porous substance confined by a parallel isothermal surface in a fixed
porosity media. They applied the local volume-averaging method to
establish the macroscopic governing momentum and energy equations
that account for these effects.

2.2.1. Darcy–Forchheimer mixed convection
The first deviation comes from the tortuous path between solid par-

ticles in porous media, described in Fig. 14. This produces acceleration
and deceleration of the fluid flow on the scale of a representative pore
length, as well as microscopic separation of the flow, and then changes
the flow inertia. This effect, which was first introduced to Darcy’s
formulation by Forchheimer [7] and derived later by Ergun [88] as a
velocity-squared term
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Fig. 11. The physical model considered by Saeid [73] to investigate opposing mixed (free-forced) convective flows generated due to injecting vertically (from top to bottom) a
fluid to cool a rectangular solid wall heated from below and submerged within a horizontal porous layer. (Replotted).
Fig. 12. Results of Ozgen and Varol [76] for flow and temperature patterns at Péclet
number Pe=1.0, and for different Rayleigh numbers (a) Ra=100, (b) Ra=250, (c)
Ra=500, and (d) Ra=1000.

Fig. 13. Variation of pressure drop with (Gr/Re) parameter for different conductivity
ratios (𝐾) and Darcy numbers (Da). This figure was presented by Celik and Mobedi
[86].
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Fig. 14. Tortuous path for fluid flow between solid particles in porous media.

where, (𝐹 ) is a geometry function. This model takes into consider-
ation the creeping nonlinearity into the fluid movement, which is
ascribed to the enhanced inertial resistance by the reason of the solid
structure. Therefore, it is anticipated to be significant in media with
high-porosity, for fluids with lower viscosity, or more particularly when
convective heat transfer is existed.

Studying mixed convection in porous materials using Darcy–
Forchheimer flow model, Lai and Kulacki [89] presented similarity
solutions for flows during two horizontal impermeable plates under
persistent wall heat flux. On the other hand, Kodah and Al-Gasem
[90] investigated the effects of inertia flow, non-similarity parameter,
and heating boundary conditions on the flow and heat transfer over a
vertical plate. The plate is subjected to a power-law variation in wall
heat flux and submersed in a saturated porous substrate. They utilised
the boundary-layer formulation of Darcy–Forchheimer model and the
non-similar transformation to solve the problem. It was concluded that
there is a positive impact of the exponent of the power law form of
heating wall conditions on the flow field through the boundary layer
and intensifies the rate of heat transfer. However, the lower rates of
heat transport are resulted at larger value of inertia forced effect, which
reduces the velocity and broaden the temperature distribution within
the boundary layer.

Islam and Nandakumar [91] analysed the problem in a fully-
developed saturated porous duct of square cross-section in a horizontal
orientation with peripheral condition of non-uniform heat flux with
top-insulated and bottom-heated condition. The numerical simulations
were carried out at a constant channel aspect ratio (𝐴𝑅 = 1), and
for various Grashof number (Gr = up to 12000), axial flow parameter
(𝛤 = 1 and 30) (i.e., dimensionless axial pressure gradient), inertia
parameter (𝜁 = 0 − 0.05) and Prandtl number (Pr = 0.73, 5, 50). The
results indicated that when the inertia parameter goes to zero (𝜁 → 0),
the role of the axial flow parameter becomes simple. In such case, Darcy
model is retrieved, and the duty of the axial flow parameter is only
used for scaling the axial velocity. But, when (𝜁 > 0), the Forchheimer
part is recovered, and the axial velocity becomes connected to the
secondary velocities within the channel. This is obvious in Fig. 15,
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Fig. 15. Results of Islam and Nandakumar [91] for the variation of Nusselt number
versus inertia parameter (𝜁) for different Gr, Pr, and axial flow parameter (𝛤 ).
(Replotted).

which illustrates that at (𝜁 = 0), similar values of Nusselt number
are acquired at two various values of axil flow parameters (𝛤 = 1
and 30). The figure displays that changing the axial flow parameter
varies considerably the value of Nusselt number, which is an evidence
on the importance of the inertial effect. However, changing the axial
flow parameter does not alter the structure of the secondary flows
generated inside the channel as other parameters such as Grashof and
Prandtl numbers do. In addition, the results exhibited dual solutions
and hysteresis behaviour over a certain range of Grashof number. It
was shown, as illustrated in Fig. 16, that the variation of lower critical
Grashof number (Gr𝑙) and upper critical Grashof number (Gr𝑢) with
respect to the inertia parameter was found to be not as important as the
variation of (Gr𝑙) and (Gr𝑢) with respect to Prandtl number. Therefore,
the detecting of the importance of inertia effect on qualitative changes
in flow behaviour may not be practical. It was mentioned that across
the extent of (Gr𝑙 < Gr < Gr𝑢), two variant superposed flow structures
namely; two-cell and four-cell secondary flows, might be generated
relying on the kind of perturbation enforced as well as on the initial
condition. Moreover, there is no critical Prandtl number above or below
which dual solutions cases to exist, and such parametric dependence
indicates a fold catastrophe.

Moreover, mixed convection from a permeable isothermal vertical
plate filled with a non-Newtonian power-law fluid-saturated porous
medium in the presence of surface injection or suction at a uniform
velocity was tested by Ibrahim et al. [92]. They used nonlinear gov-
erning boundary-layer equations, which are solved numerically with
implicit finite difference technique. The analysis was performed for the
buoyancy assisting forced flow condition; therefore, it was assumed
that (𝑇𝑤 > 𝑇∞) for upward flow and (𝑇∞ > 𝑇𝑤) for downward
flow. It was deduced that, in addition to the non-Darcy parameter, the
augmenting of surface mass transfer parameter enlarges the momentum
and thermal boundary layers thickness, and then causes a reduction
in heat transfer rates. It was also seen that increasing values of the
viscosity index leads to decline the Nusselt number for both the two
cases of suction and injection.

Conversely, Rami et al. [93] studied laminar mixed convection in
a porous layer saturated with a Newtonian fluid confined by a vertical
impermeable flat plate at constant temperature and concentration on
10
Fig. 16. Results of Islam and Nandakumar [91] for the variation of Nusselt number
versus Gr for different Pr and 𝜁 at 𝛤=30. (Replotted).

the basis of boundary layer approximations. The results appeared that
the inertial parameter (𝐾2𝑢𝐷𝜈) tends to decrease the velocity and cre-
ates more uniform flow field due to the form drag of the porous layer.
The results also showed that increasing the inertial parameter thickens
the thermal and concentration boundary layers, and then increase the
temperature and concentration. However, it was apparent that lower
heat and mass transfer rates occur as this parameter raises.

Barletta and Rees [94] did analytical analysis for buoyancy-induced
instability of mixed convective flow in a horizontal porous channel
taking into account the quadratic form-drag contribution in the model
of momentum transport using the Darcy–Forchheimer formulation.
The top and bottom surfaces are assumed to be supplied to a sym-
metric constant surface cooling or heating. Longitudinal, transverse,
global oblique rolls for low-amplitude perturbations were studied. They
found that the commencement of the convective instability for the
circumstances of boundary cooling and boundary heating is completely
symmetrical. It was also found that the longitudinal rolls are the major
unstable mode stimulating the instability at the lowermost Darcy–
Rayleigh numbers. They investigated the neutral condition of the flow
stability for several values of Péclet number and the form-drag param-
eter.

2.2.2. Darcy–Brinkmann mixed convection
The impact of a solid boundary on fluid flow in porous media sup-

plies momentum diffusion owing to viscous resistance for high-porosity
close to solid walls. Therefore, this effect is anticipated to be significant
in a medium with high-porosity or more particularly when heat transfer
is existed, because the convection process is typically a boundary
phenomenon. It cannot be ignored although the existence of porous
solid matrix in the flow field, and was added as a viscous term (𝜇′∇2𝑢)
to the Darcy model by Brinkmann [8] to develop Darcy–Brinkmann
model as follows:
𝑑𝑝
𝑑𝑥

= −
𝜇𝑓
𝐾𝑢𝐷

+ 𝜇′∇2𝑢, (3)

where (𝜇′) is the effective viscosity. This additional viscous term,
which represents the frictional drag forces between the fluid layers
themselves, is also called the ‘‘Brinkmann term’’ and satisfies the no-slip
boundary condition on the impermeable solid boundaries.

Once again, Islam and Nandakumar [68] used Brinkman–Darcy
model to investigate the mixed convection flow of a Newtonian fluid
in a horizontal porous duct for the bottom heated and uniform tem-
perature around periphery case. Similar to their study Islam and Nan-
dakumar [91], the bifurcation phenomenon and dual solutions were
also observed, but the multiplicity was checked for channel aspect ratio
(𝐴𝑅 = 0.3 − 3.0) and Grashof number (Gr = 10 − 11500). Their results
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Fig. 17. The cusp catastrophe curves reported by Islam and Nandakumar [68] for dual
solutions as a function of Gr and 𝐴𝑅.

explained that the non-linearity of convective term in the momentum
equation does not appear to cause of this phenomenon, where it is
expected to be produced from the manner in which the momentum and
energy equations are coupled. Also, the use of the Brinkman model for
accounting the no-slip state did not change the qualitative behaviour
considerably in the region of low permeability. Furthermore, it was
observed that the variation of the critical Grashof number, at which
the changeover from one mode of behaviour (the two-cell or four-
cell pattern) to the another, with aspect ratio could be interpreted
in terms of a cusp catastrophe shown in Fig. 17. Thus, by increasing
Grashof number gradually, the intensity of the secondary flows raises
with a progressive reconstruction of the two-vortex solution in the
vicinity of the hot lower surface of the channel. After reaching a critical
value of Grashof number called an upper critical Grashof number, the
double-cells become unsteady and leads abruptly to a stable four-cell
solution. Then, this flow structure is persistent with more increasing
in Grashof number. However, commencing from a four-cells flow pat-
tern, as Grashof number decreases, and after reaching a lower critical
Grashof number, the flow alters suddenly into a twin-cell flow pattern.
Therefore, Fig. 17 shows that there is a range of Grashof number,
depending of the channel aspect ratio, where the two solutions are
possible, presenting a hysteresis conduct. Similar phenomenon was
observed experimentally by Buretla and Berman [67] and numerically
by Chao and Hwang [66] using Darcy’s law.

Al-Hadhrami et al. [95] did an analytical analysis using perturba-
tion techniques, and a numerical solution using Brinkmann equation,
to examine the influence of viscous dissipation on the thermal and
flow characteristics within two vertical walls composed of a porous
substrate. The temperature of the outer wall decreases linearly with the
duct height (𝑇𝑤 = 𝑇𝑤𝑜 − 𝛬(𝑥𝐻𝑐 )), where (𝑇𝑤𝑜) is the wall temperature
at the origin level, and (𝛬) is a uniform temperature gradient applied
vertically along the walls. The flow was analysed in the regions of the
critical Rayleigh numbers when both the viscous dissipation and Darcy
effect are present. It was demonstrated that there are multi-valued
solutions at, or near to the first critical Rayleigh number due to the
non-linear term in the energy equation. In addition, the influence of
the Darcy number declines with increasing the critical Rayleigh number
in the absence of the viscous dissipation. Whereas, when the viscous
dissipation is included, the velocity and buoyancy distributions seem
to be independent of this parameter with decreasing Darcy number,
and hence these solutions are to be equivalent to solving the linearised
system.

Wong and Saeid [96] employed the same physical configuration,
e.g. a jet impingement cooling of a heater immersed in a horizontal
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confined porous channel, studied previously by Saeid and Mohamad
[71] for an isothermal heater, and later by Sivasamy et al. [72] for a
fixed heat flux, using Darcy’s law. Wong and Saeid [96] extended their
works by employing Brinkman–Darcy model to examine the steady-
state of thermal and flow characteristics in both non-Darcy and Darcy
regimes. Also, the buoyancy effects were assumed to be generated from
an isothermal heater with a length assuming to be twice the porous
layer thickness. The average heat transfer was found to decrease with
an increase of Darcy number for the non-Darcy regime (Da ≤ 10−4)
when the Péclet number is low (Pe < 30). However, when Péclet
number is high, the average heat transfer is enhanced with an increase
of Darcy number for the same regime. Sivasamy et al. [97] studied
similar physical problem of Wong and Saeid [96] using the same
Brinkman–Darcy model, but this time for unsteady condition. The study
was conducted for many parameters; Reynolds number (1 ≤ Re ≤ 1000),
Darcy number (10−6 ≤ Da ≤ 10−2), Grashof number (10 ≤ Gr ≤ 100),
and porous thickness (0.1 ≤ 𝐻𝑝 ≤ 1.0), jet opening (0.2 ≤ 𝑑 ≤ 2.0). They
reported that for the non-Darcy regime when Reynolds number is high,
the increase in the jet width, Darcy number and/or Grashof number
enhance Nusselt number; while, increasing the porous layer was found
to decrease Nusselt number. Interestingly, in both studies of Wong and
Saeid [96] and Sivasamy et al. [97], the results showed that for such
physical problem, the mixed convection regime might produce minimal
values of Nusselt number owing to the conflict between the buoyant
flows and the jet flow. This conduct is demonstrated in Fig. 18 for the
two studies of Wong and Saeid [96] and Sivasamy et al. [97].

Umavathi et al. [98] examined mixed convection inside a double-
passage porous vertical canal split by a conductive baffle, under a
consistent surface temperature of an asymmetric cooling/heating. The
highly-coupled nonlinear Brinkman–Darcy was handled first analyti-
cally using the perturbation technique and then solved numerically
using the finite-difference method. They focused on the impact of the
mixed convection parameter, the porous parameter, viscosity ratio,
Brinkman number, and the baffle position on the flow and temperature
distributions as well as the heat transfer. It was discovered that the
Nusselt number increases by increasing the porous parameter for both
cooling or heating actions. However, the trends of Nusselt number with
Brinkman number were seen to be approximately linear even in the
existence of porous substrate.

Vajravelu and Prasad [99] carried out a numerical study to test
mixed convective flows in a parallel-plate vertical channel filled with
an anisotropic porous material using the Keller–Box finite difference
method. They considered the Darcy viscous dissipation together with
the Newtonian fluid dissipation into the energy transport equation.
Also, they took into account the effect of temperature on the fluid prop-
erties such as viscosity, density, and thermal conductivity, and their
impacts on the thermal and flow characteristics, in addition to the influ-
ences of the orientation angle of the principal axis and the anisotropic
permeability ratio. It was shown that the directional anisotropic per-
meability ratio and the variable thermo-physical properties have the
powerful trace on the system.

Basant et al. [100] and Basant et al. [101] obtained analytical solu-
tions for a steady-periodic system of mixed convection in inclined and
vertical infinitely wide channels, respectively, packed with a porous
substrate. One of the channel plates is maintained at an isothermal fixed
temperature, whereas the another one is warmed sinusoidally. The
energy and momentum equations are first split into periodic and steady
terms and then analytically solved using the undetermined coefficients
method. In the first study, they analysed the influence of the oscillat-
ing frequency of heating, Prandtl number, and Darcy number on the
hydrodynamic and thermal behaviours. The results showed that there
is a resonance frequency can be obtained to optimise the fluctuating
amplitude of the pressure drop at the channel boundaries with the
temperature oscillation for each Prandtl number. It was shown that this
resonance frequency increases with any increase in Prandtl number.
In the second study, they considered the existence of an interior heat
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Fig. 18. (a) Distributions of mean Nusselt number against Pe at Ra=50 and Da=10−6,
for different jet width (𝑑), presented by Wong and Saeid [96], (b) distributions of
mean Nusselt number against Re at Gr=50 and Da=10−4, for different jet width (𝑑),
presented by Sivasamy et al. [97]. Replotted.

absorption/generation in the fluid to explore its effect as well. The
results exhibited that the heat generation accelerates the convective
flow, and then enhances the heat transfer rates, whereas the heat
absorption does the antithesis.

Tayari et al. [102] employed an entropy generation analysis to
study mixed convective flow under the viscous dissipation influence
during an inclined parallel-plane plate channel stuffed with a porous
substrate. A particular emphasis was provided to examine the impact
of the channel inclination angle (𝜷), varying between 0◦ and 180◦, on
the irreversibility represented by Bejan number (Be) for both transient
and steady conditions. They reported that the maximum absolute en-
tropy generation can be obtained at an inclination angle around 70◦,
whereas the lowest absolute entropy generation is occurred near to 0◦

or 180◦, see Fig. 19a. In addition, it was found that the viscous fluid
irreversibility becomes the dominant about 90◦, for Brinkman number
(Br ≤ 10−3), while for Brinkman number (Br > 10−3), the dominance
turns to the heat transfer irreversibility for all angles of inclination, see
Fig. 19b.

Tayari et al. [103] did similar analysis of Tayari et al. [102] but for
mixed convective flow within a Poiseuille–Benard porous channel to
investigate the influence of many parameters such as Rayleigh, Darcy,
and Brinkman numbers as well as the porosity on the irreversibility
12
Fig. 19. Results of Tayari et al. [102] for the distributions of (a) the entropy generation
(<St>) and (b) Bejan number, with the inclination angle (𝜷), for various Br, and at
Ra=104, Da=10−2 and Re=10.

owing to viscous dissipation and heat transfer. The results revealed that
at constant Brinkman number (Br = 10−3), Rayleigh number (Ra = 104),
and Darcy number (Da = 1.0), the overall entropy generation fluctuates
periodically for porosity (𝜀 ≥ 0.2), which depicts the commencement of
thermo-convective swirls during the channel. Moreover, it was shown
that the entropy generation decreases when the Darcy number increases
from 10−6 to 10−4 due to the domination of the viscous irreversibility.
Whereas, the influence of Rayleigh number becomes significant for (Da
> 10−2), which describes the beginning of the convection effects to be
prominent.

Avramenko et al. [104] performed an analytical modelling and
numerical simulations, employing the lattice Boltzmann method, to
study mixed forced and natural convection throughout vertical flat
and circular micro-channels filled with a porous medium exposed to
slipping boundary conditions. They investigated the effects of Rayleigh
and Knudsen (slippage) numbers and the medium porosity on thermal
and hydrodynamic profiles, the rates of heat transfer, and the friction
factor. The results demonstrated that when Rayleigh number is low,
the reduction in Darcy number produces a considerable increase in
the hydraulic resistance and an enhancement in the energy transport.
Though, when Rayleigh number increases and becomes high, these
trends turn to the contrary. They compared the quantitative results of
the flat channel with these of the circular channel and found that the
cross-sectional form of channel can make a crucial impact on the flow
behaviour and the heat transfer.

Manish et al. [105] reported the results of weakly nonlinear and
linear stability analysis comprising the limited-amplitude expansion
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technique. They investigated the instability mechanism of mixed con-
vective flow in a vertical channel differentially heated and packed with
a quite pervious porous substrate using the Darcy–Brinkman formula-
tion. They presented results for oil- and water-saturated porous media,
with considering the participation of viscous dissipation. The results of
the linear stability revealed that the flow stability declines as the Darcy
number and/or Reynolds number increase. The results of the weakly
nonlinear stability disclosed a supercritical bifurcation for the two
fluids. Also, Shankar et al. [106] reported results for the linear stability
analysis of the same problem considered by Manish et al. [105] em-
ploying the Chebyshev collocation method. They presented the curves
of the neutral stability and obtained the critical wave number, Darcy–
Rayleigh number, and the wave speed for various parameters such as
Prandtl number and the pressure gradient.

2.2.3. Darcy–Brinkmann–Forchheimer mixed convection
The literature reveals that there have been several numerical and

analytical works done investigating mixed convection in porous beds
using the Brinkman–Forchheimer-extended Darcy model (generalised
model), which includes the boundary and inertia non-Darcian effects
simultaneously. Hwang and Chao [107] tested the effect of peripheral
wall conduction on mixed convection in the thermally and hydro-
dynamically fully developed area of a horizontal square porous channel
under peripherally and axially constant heat fluxes, with a finite wall
thermal conductivity and thickness. The wall heat conduction param-
eter (𝐾𝑃 ) was introduced within the thermal boundary conditions to
indicate to the significance of wall heat conduction on the convection
inside the channel. The flow and heat transfer characteristics were
found to be extremely influenced by the non-uniform peripheral tem-
perature variations during the wall. This is owing to the combined
effects of non-infinite wall conduction parameter, non-axisymmetric
channel configuration, and the buoyancy-induced secondary flows. In
addition, it was found that the strength of secondary flows at the wall
heat conduction of (𝐾𝑃 = 104) is much stronger than that at (𝐾𝑃 =
.1).

In vertical porous channels, Hadim [108] and Hadim and Chen
109] studied mixed convective flows within porous media confined
y double impermeable vertical plates, for both non-Darcy and Darcy
egimes using the generalised momentum equation. The effects of
symmetric heating boundary condition and Darcy number on the
low and heat transfer for both uniform wall temperature (UWT) and
niform wall heat flux (UHF) conditions were examined numerically
y Hadim [108]. The case when buoyancy impacts are assisting the
pward flow was assumed, with particular emphasis on the developing
egion. It was obvious that for constant Reynolds and Grashof numbers,
n augmentation in mixed convection heat transfer can be achieved by
ecreasing Darcy number. Also the heat transfer enhancement is robust
nd more noticeable in the (UWT) condition. Hadim and Chen [109]
nvestigated the same case of Hadim [108], but for channel comprising
iscrete heat sources. They also found that as Darcy number decreases,
he rates of heat transfer increase. It was shown that the influence of
his parameter becomes significant around the first heater and in the
on-Darcian regime.

Similar to the analytical analyses performed by Aldoss et al. [54,
5] and Aldoss et al. [56] for analysing Darcian mixed convection
n horizontal porous channels, Aldoss et al. [110] analysed a non-
arcian mixed convective flow inside a columnar cylinder immersed

n a porous substrate. Also, similar to the work of Aldoss et al. [110],
he governing equations were formulated to cover the entire regime
f mixed convection with one non-similar variable within the range
f (𝜒 = 0 − 1), where (𝜒 = 0) for pure natural convection (NCDR)
nd (𝜒 = 1) for pure forced convection (FCDR). They investigated the
ffect of two sorts of wall heating conditions namely; Variable wall
emperature (VWT) with the power law form (𝑇𝑤 − 𝑇∞ = 𝑎𝑥𝑛) and
ariable heat flux (VHF) with the power law form (𝑞𝑤 = 𝑏𝑥𝑚), on the
13

eat transport rates. For such physical case, the ranges of the exponents (
(𝑚) and (𝑛) were considered as follows: (−0.5 ≤ 𝑚 ≤ 1) and (0 ≤ 𝑛 ≤ 1).
he results indicated that higher values of heat transfer rates were
ssociated with bigger (𝑛) and (𝑚), as demonstrated in Fig. 20. It was
entioned that the reason for this heat transfer augmentation is that

he thickness of thermal boundary layer becomes smaller at high values
f (𝑛) and (𝑚), consequently the thermal gradient on the wall becomes
igher. It was also shown that by increasing the effect of inertia forces
roduces a noticeable decrease in the local Nusselt number during the
ode of (NCDR), and an increase in it during the mode of (FCDR), for

oth (VWT) and (VHF) cases.
Chen et al. [111] tested both buoyancy-assisted and buoyancy-

pposed forced flows within a perpendicular porous channel with a
ymmetrical uniform heat flux imposed at the boundaries. The wall
emperatures were assumed to increase linearly with the wall height
𝑇𝑤 = 𝑇𝑜 + 𝑎𝑦), where (𝑎) is a constant and (𝑇𝑜) is the reference
emperature. For the buoyancy-aided flow, the buoyancy forces work
o accelerate the fluid speed in the area near the wall; therefore, it
as found that Nusselt number augments when Rayleigh number is

ncreased. They also reported that the rate of this increase is higher
hen Darcy number is large, similar to Avramenko et al. [104], and/or
orchheimer number is small, which was priorly proven by Rami et al.
93]. However, for the buoyancy-opposed flow, the buoyancy force
cts to diminish the velocity field and decline the Nusselt number with
ncreasing Rayleigh number and/or Darcy number. This finding was
rawn by Lai et al. [78] for opposing flows inside a vertical porous
hannel using Darcy’s law under particular circumstances.

Umavathi et al. [112] examined the problem of mixed convective
lows during a vertical porous channel, analytically by the perturba-
ion series method with absence of inertia term, and numerically by
inite-difference method with South-Over-Relaxation technique in the
resence of inertia forces. They deemed three different surface ther-
al circumstances namely; isothermal–isothermal, isoflux–isothermal,

nd isothermal–isoflux. Forchheimer drag term was found to have a
ubstantial effect on the flow conduct particularly for unequal surface
emperature, where it decreases the flow speed and causes recirculating
lows close to the solid boundaries. Also, the effect of flow reversal was
een to be enhanced by the viscous dissipation in the case of downward
hile it is opposed in the case of upward inside the channel.

Kumar et al. [113] considered four variant models namely; Darcy–
rinkman (DB), Darcy–Brinkman–Wooding (DBW), Darcy–Brinkman–
orchheimer (DBF), Darcy–Brinkman–Forchheimer–Wooding (DBFW),
o study buoyant-aided mixed convection in a perpendicular channel
oaded with a porous material. They performed a linear stability analy-
is to investigate the effect of various terms emerging in the momentum
ormulation on the flow stability. The results showed that the effects of
he inertia term, the fluid viscosity term, and the permeability term
f the porous medium on the stabilising and destabilising the flow
epends strongly on Prandtl number, Reynolds number, and Darcy
umber. In addition, in the majority of cases considered, it was found
hat the perturbation in the flow demeanour for the DBF model is
dentical to that for the DB model, and for the DBFW model is similar
o that for the DBW model. In an endeavour to comprehend the
inetics of combined forced flow, due to an external pressure gradient,
nd buoyancy-induced free convective flow inside a standing porous
ipe, Kumar et al. [114] performed analytical and numerical study to
xamine its reliance on some parameters of the porous medium used.
hey adopted non-Darcy Brinkman–Forchheimer–Wooding momentum
odel with assuming that the temperature of pipe surface changes

inearly with vertical coordinate. The results indicated that for the
uoyancy-aided flow case, reversed flow was observed at the centre
f the pipe at larger Rayleigh numbers. However, For the buoyancy-
ounter flow case, the back flow was shown at the proximity of the
ipe boundary. This can be seen in Fig. 21 for the influence of Rayleigh
umber on the longitudinal velocity profiles (W𝑜) across the pipe radius

𝑟).
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Fig. 20. Variations of local Nusselt number (Nu𝑥) with singular non-similarity param-
eter (𝜒) for (a) (VWT) case at chosen (𝑛) values, and (b) (VHF) case at chosen (𝑚)
values, along a columnar cylinder with curvature parameter (𝜆=1), reported by Aldoss
et al. [110]. (Replotted)..

Umavathi and Veershetty [115] reported analytical and numerical
solutions for mixed convective flows within a vertical porous channel
subjected to boundary conditions of third kind, employing Brinkman–
Forchheimer–Darcy model. Each of two different and equal reference
temperatures for the incoming fluid, together with both different and
equal Biot numbers were deemed. They investigated the impacts of
different parameter such as inertia term, porous parameter, and pertur-
bation parameter on the flow comportment, temperature dispensation,
and heat transfer rates. The results displayed that for the opposing
flow, the flow velocity decreases and the temperature increases with
increasing the Brinkman number, while for the assisting flow, both
the flow temperature and velocity fields and temperature increase with
increasing the Brinkman number. It was also displayed that the inertia
and porous parameters restrain the fluid flow, for the two different
boundary conditions considered above for Biot number and reference
inlet temperature.

Adeniyan and Abioye [116] conducted an analytical analysis to
inspect the momentum and heat transfer in a columnar duct with
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its left wall connected to a definite thickness of Darcy–Forchheimer
porous substrate, whereas its right wall is exposed to a uniform tem-
perature. They considered the effects of viscous dissipation, Rose-land
radiation, and permeability. They studied the impacts of Reynolds,
Grashof, Darcy, Brinkman, Stark (or conduction–radiation parameter),
and Forchheimer numbers, as well as the thermal conductivity ratio. It
was shown that the rates of heat transfer and skin-friction coefficient
increase as Grashof and Brinkman in addition to the conductivity ratio
increase for small values of Forchheimer numbers. However, the heat
transfer and friction coefficient were found to decrease with the width
of the porous substrate for large values of Forchheimer numbers. It was
also found that increasing Stark number by magnifying the radiation
parameter can increase Nusselt numbers.

Sharma and Bera [117] conducted linear stability analysis of com-
bined natural and forced convective parallel flows in a vertical highly
penetrated porous canal employing the Darcy–Brinkman–Forchheimer
model. The canal is assumed to be isothermally and differentially
warmed along its entire left and right walls. The investigation was
conducted for several Prandtl numbers including air, water, mercury,
and heavy oils, and for a broad range of Reynolds number. The results
illustrated that each type of fluid generates different flow instability.
For instance, the mercury causes a thermal-shear instability, the heavy
oils as well as the water trigger the thermal-buoyant instability, while
the air produces the interactive instability. Different to Sharma and
Bera [117], Sharma et al. [118] published results of finite amplitude
nonlinear stability analysis of mixed convective flow in a vertical
porous channel having surface temperatures linearly vary with the
vertical axis, using the Brinkman–Forchheimer–Darcy equation. They
provided results for air- and water-saturated porous media, with taking
into account the involvement of viscous dissipation. The aim of their
investigation is to analyse the bifurcation nature and the conduct of
unsteady disruptions of limited amplitude. This can happen behind the
linear instability limitation, particularly whenever the flow intensity
and the porous medium permeability are fairly large. Their results
demonstrated that once using water as a working fluid, the unique sort
of bifurcation obtained at and behind the bifurcation level is the super-
critical bifurcation. Though, when using a porous medium saturated by
air, two kinds of bifurcations namely; subcritical and supercritical, were
noticed, relying on the permeability and flow strength.

In horizontal porous channels, Wong and Saeid [119] extended the
works of Saeid and Mohamad [71], Sivasamy et al. [72], Wong and
Saeid [96], and Sivasamy et al. [97] for the problem of a cooling jet im-
pinging vertically a heater submerged in a porous substrate confined by
double horizontal plates. Saeid and Mohamad [71] and Sivasamy et al.
[72] used Darcy’s law, whereas Wong and Saeid [96] and Sivasamy
et al. [97] employed Brinkman–Darcy model. On the other hand, Wong
and Saeid [119] used the steady-state Brinkman–Forchheimer-extended
Darcy model to tested the effect of inertial coefficient of a porous
medium (𝐶𝐹 ) and its porosity (𝜀) on the average Nusselt number.
The results showed that the mixed convection mode is emerged in
the moderately high values of Péclet number (Pe) at which minimum
Nusselt number is found. For the Darcy regime (Da ≤ 10−4), the porosity
and the inertial coefficient showed trivial impacts on Nusselt number,
where the variation of Nusselt number is diminished when (𝐶𝐹 ≥ 0.2),
and this variation is negligible for the range of porosity (0.7 ≤ 𝜀 ≤ 0.95),
see Fig. 22. However, for the non-Darcy regime, the effects of these
parameters are only significant in the forced convection domination
region when (Pe > 200), in which the increase in any one of them
reduces Nusselt number.

The same authors Wong and Saeid [120] investigated numerically
unsteady mixed convective flows arising from a low speed air jet
impinging vertically a block of metal foam heat sink inside a horizontal
channel. The porous medium was selected to have a fixed high porosity
of 0.97 to enabling the mixed oscillatory flow to develop throughout
the medium. Also, they fixed the values of effective/fluid thermal
conductivity ratio of 1.2 and the inertia coefficient of 0.1. While, the
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Fig. 21. Results of Kumar et al. [114] showing the influence of Ra on the longitudinal velocity profiles (W𝑜) across the pipe radius (𝑟), for (i) buoyancy assisted-flow and (ii)
buoyancy opposed-flow.
impacts of Darcy number between (1 × 10−5 ≤ Da ≤ 5 × 10−4), Rayleigh
number between (2 × 105 ≤ Ra ≤ 1 × 106), and Péclet number between
(10 ≤ Pe ≤ 1000) on the flow conduct within the channel and heat
transfer rate. Their results revealed that no numerical convergence or
steady-state solution can be obtained when the thermal system is in the
regime of mixed convection, i.e. (Ra ≥ 4 × 105) and (200 ≤ Pe ≤ 1000),
as shown in Fig. 23. Instead, the results showed a periodic behaviour
for the average Nusselt number, displayed in Fig. 24, caused by the
oscillation convection owing to the conflict for domination between
the forced convective jet flow and the buoyancy-induced convective
flow. This behaviour was also reported by Saeid and Pop [70] and Saeid
and Mohamad [71] for a physical system entirely filled with a porous
medium. However, the oscillation convections in the current study are
more difficult as they occur in two different physical regions namely,
porous heat sink and clear fluid without a porous medium. They also in-
vestigated the effects of the heat sink height and the effective/fluid heat
capacity ratio on the oscillatory convection. Thus, it was found that
the amplitude and frequency of the oscillatory periods increase with
increasing the heat capacity ratio, indicating to that porous substances
with large heat capacity are a desirable environment for oscillatory
convections. It was also found that increasing the height of the porous
heat sink increases the oscillatory period amplitude, but decreases its
frequency.

In another study about jet-impingement cooling a porous heat
sink, Saeid et al. [121] investigated steady mixed convective flow of
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a vertical air jet cooling a metal-fibrous heat sink located inside a hor-
izontal channel. They examined the influence of six various shapes of
heat sink on the flow and thermal behaviours throughout the channel,
and on the average heat dissipation from the heat sink. Two types
of aluminium foam namely; G10 and G20, were used, and they are
different only in their permeabilities, i.e. 2.843×10−7 and 1.229×10−7
(m2), respectively. The shapes considered were rectangle, triangle,
opposite triangle, trapezoidal, opposite trapezoidal, and elliptic. Their
numerical study covered broad ranges of Reynolds number (Re = 100−
400) and Grashof number (Gr = 0, 5712, 19278, 45696), e.g. representing
cases of with (Gr > 0) and without (Gr = 0) the buoyancy effect,
as well as with and without the presence of fibrous heat sink for a
good qualitative comparison. First of all, they did not report oscillatory
convective flows in the channel as Wong and Saeid [120] reported, due
to considering the steady-state governing equations.

Their results showed that the rate of heat dissipation might be
enhanced by more than 95% when covering the heat source by a metal
foam comparing with the case of without metal foam. In addition, it
was shown that utilising aluminium foam type G10 is much better
than type G20 for good heat transfer argumentation due to its higher
permeability. Interestingly, it was found that the influence of heat sink
shape on the heat dissipation relies vigorously on the mode of heat
transfer and Reynolds number. Thus, in the force convection when
(Gr = 0) and for high Reynolds number (Re > 300), the convex shapes



Thermal Science and Engineering Progress 32 (2022) 101242G.F. Al-Sumaily et al.
Fig. 22. Variation of average Nusselt number (Nu𝑚) versus Pe for (Top) various inertial
coefficient (𝐶𝐹 ), and (Bottom) various porosity (𝜀), presented by Wong and Saeid [119].
(Replotted).

Fig. 23. Variation of Nusselt number versus Pe for various Ra at Da=5×10−4, presented
by Wong and Saeid [120]. (Replotted).
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Fig. 24. Variation of the average Nusselt number with time showing the oscillation
convection for various Ra at Da=5×10−4 and Pe=200, reported by Wong and Saeid
[120]. (Replotted).

were found to be more effective for heat transfer. However, for Grashof
number (Gr > 0) and low Reynolds number (Re < 200), the results
indicated that the concave shapes are preferably for better heat transfer
augmentation.

Combined forced and free convective flows in horizontal fluid su-
perposed porous layers subjected to a finite heat source from the
bottom surface, illustrated in Fig. 25, is investigated numerically and
experimentally by Dixon and Kulacki [122,123], respectively. They
studied the effects of Rayleigh number, Péclet number, Darcy number,
conductivity ratio, as well as the height of porous bed on the flow be-
haviour and rates of heat transfer. The results of both studies identified
the presence of a critical values of Péclet number and porous layer
thickness at which Nusselt number has lowest values.

Buonomo et al. [124] conducted both numerical and experimental
analyses for mixed convection of air-flow within a horizontal conduit
partly packed with an aluminium foam under the heating action by a
constant heat flux from below. The investigations were carried out for
different sorts of foam, i.e. 10, 20, 40 PPI, and for Richardson number
varying between (1 ≤ Ri ≤ 2000), and Reynolds number varying
between (5 ≤ Re ≤ 250). Results of temperature and velocity distri-
butions were obtained for the two cases of with and without porous
medium. It was found that the flow configuration in the empty channel
is parabolic, e.g. having the peak value at the centre of the channel,
whereas it becomes more uniform within the metal foam, particularly
for small flow speeds. The results also affirmed that the utilisation of
metal foam inside the channel, increasing Reynolds number, and/or
increasing Richardson number, augment considerably the rates of heat
transfer, as shown in Fig. 26 as an example for their experimental
results.

Mohammed et al. [125] investigated computationally similar phys-
ical problem investigated numerically by Lai et al. [58], Lai et al.
[59], Prasad et al. [60], Lai and Kulacki [63], Lai et al. [62], Lai
and Kulacki [64], Saeid and Pop [70] and Ozgen and Varol [76], and
experimentally by Lai and Kulacki [65], for mixed convection inside
a horizontal porous channel heated from the bottom by a localised
heater, for different thermal boundary conditions. The thermal bound-
ary conditions considered by Mohammed et al. [125] are as follows;
the lower horizontal surface is assumed to be insulated excepting the
heater, whereas the upper surface is considered to have the same inlet
flow temperature. Lai et al. [58], Lai et al. [59], Prasad et al. [60],
and Ozgen and Varol [76] solved the steady-state form of simple Darcy
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Fig. 25. Physical configuration studied numerically by Dixon and Kulacki [122] and experimentally by Dixon and Kulacki [123].
Fig. 26. Results of Buonomo et al. [124] showing (a) the variation of average Nusselt
number with Re, and (b) the ratio of (Nu(𝑎𝑣𝑔)/Re) with Ri, for different sorts of foams
10, 20 and 40 PPI.

model; however, Lai and Kulacki [63], Lai et al. [62], Lai and Kulacki
[64], and Saeid and Pop [70] solved the unsteady form of Darcy model.
Therefore, Mohammed et al. [125] extended their works by solving the
problem employing the transient Darcy–Brinkman–Forchheimer model
for momentum. They investigated the influences of Reynolds number
(Re = 0.1 − 50) and Richardson number (Ri = 1 − 100) in both porous
and clear channels, as well as the impacts of porosity (𝜀 = 0.7 − 0.95)
and Darcy number (Da = 0.1 − 100) for the porous channel. It was
deduced that the existence of porous material enhances the values
17
Fig. 27. Results of Mohammed et al. [125] showing the variations of mean Nusselt
number in porous and empty channels for various Ri and Re.

of Nusselt number; however, it does not change the tendency of the
variations of Nusselt number, as illustrated in Fig. 27. In addition, it
was predicted that oscillatory unstable convective flows are produced
in both porous and clear channels for higher Reynolds and Richardson
numbers. The amplitude and period of oscillations were observed to
be different in the two channels, and the flow instability in the clear
channel is greater than that in the porous channel. For comparison, they
presented the flow and thermal behaviours in both channels as well as
the time-evaluation of the mean Nusselt numbers. Fig. 28 displays part
of their results for the oscillatory flow behaviours in the two channels
at (Re = 50) and (Ri = 100). It is worth mentioning that such convection
oscillations were observed previously by Lai et al. [62], Lai and Kulacki
[63], Lai and Kulacki [64], Lai and Kulacki [65] and Saeid and Pop
[70], but as mentioned before for different boundary conditions.

It is worth noting that all aforementioned works have not consid-
ered the thermal dispersion effect and the channelling effect in their
studies.

2.3. Considering thermal dispersion and channelling effect

A phenomenon that occurs in all flows through porous media, and
which need to be considered into account is the ‘‘thermal dispersion’’.
The impact of the inter-particle conduction or the thermal disper-
sion on energy transport process is an important topic in this media.
The mixing of local fluid streams in the presence of a temperature
difference across the porous medium yields an enhancement in the
transport energy, which is generally represented by a diffusive heat
flux. Cheng and Vortmeyer [22] investigated the impact of transverse
thermal dispersion on forced convection in the fully-developed region
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Fig. 28. Oscillatory flow behaviours over one period in (a) empty channel, and (b) porous channel, at Re=50 and Ri=100, reported by Mohammed et al. [125].
of a packed bed bounded between parallel plates. Moreover, constant-
porosity assumption is inappropriate for some applications, such as
fixed bed catalytic reactors, packed bed heat exchangers, and drying
and metal processing. It has been recognised that the confining imper-
meable boundary of the packed bed influences its porosity. That is, the
porosity is high close to a wall and declines to an asymptotic value
in the core of porous domain. Therefore, the region in the vicinity
of external impermeable boundary is of particular importance, since
heat transfer and fluid flow and other mechanisms are closely involved
18
in that region and all sensitive to variations in porosity. Vafai [126]
analysed experimentally and theoretically the channelling effect on
the forced convection flow along an isothermal flat plate, and found
that the channelling effect has a significant influence on the heat
transfer augmentation for high porosity and high Reynolds number
conditions. Cheng and Hsu [127] tested the effect of solid wall on the
thermal dispersion in forced convection flows during an annular packed
bed of spheres. Generally speaking, the inclusion of thermal dispersion
and flow maldistribution effects aid in augmenting the energy transport
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process and their incorporation in the simulation would, thus, provide
better simulation of the actual problem.

Chen et al. [128] and Chen [129] included the near-wall porosity
variation and thermal dispersion effects in their mathematical mod-
els to study mixed convection in a porous layer. They considered
the porous layer to be close to a vertical or horizontal plates and
with variable temperature and heat flux, respectively. Their mathe-
matical models were solved using the Boussinesq and boundary-layer
approximations. Single non-similarity mixed convection parameter was
inserted for covering the whole mixed convection zone. It was found
that the non-Darcian effects alter the flow and thermal characteristics
from those simulated using the Darcy equation. Also, the influences of
no-slip boundary condition and the flow inertia were found to have
tending to decrease the flow speed and energy transport. However,
the variable porosity effect was shown to improve the momentum and
thermal transports through the boundary layer due to the channelling
effect. Consequently, this produces a great enhancement in heat trans-
fer because of the dispersive transport phenomenon that causes a good
convective mixing throughout the pores. The local Nusselt number
can be either increased or decreased when these effects along with
fluid inertia and boundary friction are considered depending on the
interaction amongst different influences of non-Darcy flow phenomena
and heating conditions at the wall.

A steady mixed convective non-Darcian flow in a three-dimensional
horizontal channel packed with spheres has been the subject for re-
searches done by Chou and Chung [130] and Chang et al. [131] for
the same thermal heating conditions. Chou and Chung [130] examined
the influence of stagnant conductivity, which is involved inside the
effective thermal conductivity in the energy equation, on convective
flow and thermal characteristics inside a square channel, displayed in
Fig. 29. The channel was assumed to be under two thermal boundary
conditions namely; constant axial heat flux and constant circumfer-
ential wall temperature. The stagnant conductivity was characterised
based on the solid-to-fluid thermal conductivity ratio (𝐾𝑟 = 𝑘𝑠𝑘𝑓 ).
Water-stainless steel spheres bed (𝐾𝑟 = 26.8, Pr = 6.5), air-glass spheres
(𝐾𝑟 = 38.8, Pr = 0.71), water-glass spheres (𝐾𝑟 = 1.3, Pr = 6.5),
and the case of (𝐾𝑟 = 100), were investigated to clarify the impact
of stagnant conductivity. Both Nusselt numbers and the hydrodynamic
pattern of buoyancy-induced secondary flows were found to be mag-
nificently affected by the stagnant conductivity for low values of Péclet
number, where the thermal dispersion impact is weak. It was predicted
that (126%) of heat transfer enhancement is obtained when Rayleigh
number increases from (0) to (105) at certain value of (𝐾𝑟 = 1.3), but
only (21%) and (7.9%) are estimated in the cases of (𝐾𝑟 = 26.8) and
(𝐾𝑟 = 100) respectively. Whereas, Chang et al. [131] disregarded the
nonlinear inertia term in the non-Darcian momentum equation, and
assumed the flow in fully hydro-dynamically developed and thermally
developing regions at the entrance of the heated section. It was deduced
that secondary flow induced by buoyancy effect becomes stronger and
heat transfer is higher with increasing Rayleigh number and decreasing
Péclet number. However, the thermal dispersion effect induced by
Péclet number which is also very important dominates the buoyancy
effect when it increases.

Interestingly, it is worth declaring here that all non-Darcian effects
including the fluid inertia, boundary viscous resistance, thermal disper-
sion, and variable porosity have been merely taken into account in the
studies mentioned in this section for the mode of mixed convection in
porous channels under local thermal equilibrium (𝐿𝑇𝐸) condition, that
is, using one-equation energy model.

2.4. Considering local thermal non-equilibrium model

In porous media, the phase temperatures can be differing on the
basis of the thermo-physical properties of each phase as well as the na-
ture of the transient process. Indeed, in many thermal applications like
regenerators, nuclear rods located in an intercooler coolant pathway,
19
Fig. 29. The physical problem solved by Chou and Chung [130].

Fig. 30. This figure was reported Saeid [132] for the comparison between their results
of total average Nusselt number using (𝐿𝑇𝑁𝐸) model and the results published by Lai
et al. [78] using (𝐿𝑇𝐸) model, showing that the huge difference between them at low
𝐾𝑟. (Replotted).

thermal energy storages in buried repositories, the temperature discrep-
ancy between the fluid phase and the solid phase is vital. Therefore, two
energy approximations, which is called local thermal non-equilibrium
(𝐿𝑇𝑁𝐸) model, are substantially required for calculating thermal field
for each individual phase.

Saeid [132] carried out a numerical investigation of mixed convec-
tive assisting and opposing flows in a vertical porous layer adjacent
to a vertical plate employing the thermally non-equilibrium energy
(𝐿𝑇𝑁𝐸) model. They studied the impacts of the interfacial convec-
tive heat transfer parameter (𝐻𝑣) and the ratio of thermal conduc-
tivity (𝐾𝑟) on heat and flow characteristics. The mixed convection
is prompted by a segment isothermally heated and placed on the
vertical plate in the existence of externally-pressured aiding or op-
posing flow. Similar physical problem was considered by Lai et al.
[78] who investigated opposing and aiding mixed convective flows in
a vertical porous plate channel employing the thermally equilibrium
energy (𝐿𝑇𝐸) model. Saeid [132] conducted a comparison between
the two models to verify the validity of the (𝐿𝑇𝑁𝐸) model for (0.01 ≤
𝐻𝑣 ≤ 100) and (0.01 ≤ 𝐾𝑟 ≤ 100). The results revealed that for low
values of 𝐻𝑣 and 𝐾𝑟, the thermal equilibrium (𝐿𝑇𝐸) model might
not be able to estimate the mean Nusselt number correctly in both
opposing and aiding flows. Fig. 30 reported by Saeid [132] shows
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Fig. 31. The impacts of (a) thermal conductivity ratio (𝐾𝑟) and (b) interfacial heat
transfer parameter (𝐻𝑣), on Nu𝑓 , Nu𝑠, and Nu𝑡, for different Pe, reported Ahmed et al.
[133]. Replotted).

the huge difference in the total average Nusselt number between the
two aforementioned models (𝐿𝑇𝐸) and (𝐿𝑇𝑁𝐸) at lower thermal
conductivity ratio. However, for higher values of these parameters 𝐻𝑣
and 𝐾𝑟, the thermal equilibrium model can calculate correctly the mean
Nusselt number as well as the temperature field.

Saeid [134] extended the work done by Saeid and Mohamad [71]
who tested the interaction between a horizontal cross-flow and a ver-
tical jet in a horizontal porous layer under the thermal equilibrium
assumption, to consider the thermal non-equilibrium circumstance. It
is worth noting that this case was also studied later by Wong and Saeid
[96], Wong and Saeid [119], Sivasamy et al. [72], Sivasamy et al. [97],
under the thermal equilibrium condition, but for different momentum
models. Saeid [134] assumed the heat source length (𝐿ℎ), which is
located on the bottom surface, to be two times the thickness of porous
layer (𝐻𝑝), with assuming the jet width (𝑑) as (𝑑𝐻𝑝 = 0.1). It was
found that the higher mean Nusselt numbers were predicted using the
local thermal equilibrium (𝐿𝑇𝐸) model, and the heat transfer rates are
substantially declined in the existence of a wake flow with a vertical jet.
Also, it was found that higher Nusselt numbers might be reproduced for
20
Fig. 32. This figure was presented Wong and Saeid [135] for the impact of 𝐻𝑣 on
Nu𝑓 and Nu𝑠 for different Pe, and at 𝐾𝑟 = 1, 𝜀 = 0.78, Da= 10−3, Ra= 100. (Replotted).

higher values of the interfacial heat transfer coefficient and the thermal
conductivity ratio.

Rees [136] studied the influence of the local thermal
non-equilibrium on the stability of mixed convection in a vertical
porous channel uniformly cooled and heated from the boundaries,
using a linear energy stability analysis. It was found that the thermal
system remains always stable to low-amplitude disturbances of all wave
numbers, and for all Darcy–Rayleigh numbers. Ahmed et al. [133] used
the (𝐿𝑇𝑁𝐸) model to study mixed convection and radiation inside
an annular perpendicular cylinder stuffed with a porous substrate,
for assisting and opposing flows. They investigated the impacts of
Péclet number (Pe), porosity-scaled fluid/solid thermal conductivity
ratio (𝐾𝑟), and interfacial convective heat transfer parameter (𝐻𝑣) on
the heat transfer during the solid (Nu𝑠) and fluid (Nu𝑓 ) phases, at
Rayleigh number of (Ra = 100) and radiation parameter of (R𝑑 = 0.5).
Importantly, it was reported that the discrepancy between Nu𝑓 and Nu𝑠
increases as (𝐾𝑟) or (𝐻𝑣) increases, in both aiding and opposing flow
cases, referring to the prevalence of the thermal non-equilibrium in the
system. Fig. 31 demonstrates their results for the effect of (𝐾𝑟), (𝐻𝑣)
and (Pe) in the assisting flow.

However, in the aforementioned studies of Saeid [132,134],Rees
[136] and Ahmed et al. [133], the simple Darcy model was used. Wong
and Saeid [135,137] investigated numerically the mixed thermal char-
acteristics of the air jet impingement cooling of confined flat porous bed
subjected to the condition of local thermal non-equilibrium, employing
the Brinkman–Forchheimer–Darcy model. Wong and Saeid [135] con-
ducted their study for many parameters including; Rayleigh number
(Ra = 10 − 200), Péclet number (Pe = 1 − 104), Darcy number (Da =
10−6 − 10−3), porosity-scaled thermal conductivity ratio (𝐾𝑟 = 1 − 103),
porosity (𝜀 = 0.75 − 0.99), and interfacial heat transfer coefficient
parameter (𝐻𝑣 = 1 − 103). Their focus was to demonstrate the Darcian
and non-Darcian effects in the mixed convection regime. They also
found that the (𝐿𝑇𝑁𝐸) becomes invalid for low values of 𝐻𝑣 and 𝐾𝑟,
where the values of average fluid Nusselt number (Nu𝑓 ) diverge from
these of average solid Nusselt number (Nu𝑠), as shown in Fig. 32. Also,
it was illustrated that the increase in the porosity increases the total
average heat transfer rate, however its influence becomes smaller when
the value of the thermal conductivity ratio is small.

Whereas, Wong and Saeid [137] studied opposing mixed convec-
tive flows raised from an air-jet cooling of a hot horizontal wall by
impinging it inside an open cavity, which is installed inside a horizontal
canal stuffed with high porosity (FeCrAlY) metal foam. The thermal
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Fig. 33. Results of Kotresha and Gnanasekaran [138] for the variation of Nu with (Left) Re, and (Right) Ri, for different 𝜀.
characteristics for different cavity height (0 ≤ 𝐻𝑐 ≤ 0.4) and Rayleigh
number (Ra = 50 − 150) were tested and compared to the case without
cavity. Their results disclosed that the cavity absence case produces the
highest values of fluid and solid mean Nusselt numbers Nu𝑓 and Nu𝑠,
respectively, and these values decrease with the enlargement in the
cavity height. Minimum Nu𝑓 is acquired at the range of Péclet number
(Pe = 30 − 60) which depends on the value of Rayleigh number and
the cavity depth, and it becomes more noteworthy at greater Rayleigh
numbers as a result of the contra mixed convective flows. However,
it was also found that Nu𝑠, is unaffected by the variation of Rayleigh
number and the cavity depth for a wide range of (Pe = 1 − 103). In
fact, this attitude of a lowest mean Nusselt number for the case of the
cavity presence is the same to that stated by Wong and Saeid [96,135]
for the case without cavity, in which opposing influences between the
upward buoyancy forces and the vertical jet flow gives inferior rates of
heat transfer.

Khandelwal and Bera [139] extended the work of Chen et al.
[111] trying to figure out the effect of the thermal non-equilibrium
condition on mixed convective opposing and aiding flows inside a per-
pendicular parallel porous channel adopting the non-Darcy–Brinkman–
Forchheimer equation. Similar to Chen et al. [111], the channel is
assumed to be under a symmetrical uniform heat flux imposed at the
walls; thus, the wall temperatures increase linearly with the height.
The highly coupled governing equations, (𝐿𝑇𝑁𝐸) and (𝐷𝐵𝐹 ), were
solved computationally using the spectral Collocation technique and
analytically when the drag term (𝐹 ) and the thermal conductivity
ratio (𝛾) are assumed equal to zero. They investigated the impacts
of different parameters such as Forchheimer number, Darcy number,
Rayleigh number, thermal conductivity ratio, and inter-phase heat
transfer coefficient on the hydrodynamic conduct of fluid flow the heat
transfer, for each buoyancy opposed and assisted situations. Generally,
it was found that an increase in the inter-phase convective coefficient
fabricates a soft and stabilised fluid flow in the porous channel, and re-
trieves the mechanism similar to the equilibrium case. However, raising
the medium conductivity ratio was found to destabilise considerably
the fluid flow by creating a flow disconnection and an inflection point
on the profiles of velocity. Moreover, similar to Chen et al. [111] in
the thermal equilibrium state, they also reported that the increase in
Darcy number leads to a reduction in the rates of heat transfer at
low thermal conductivity ratio (𝛾), but for the whole range of the
inter-phase convective coefficient.

Buonomo et al. [140] studied numerically transient mixed con-
vection heat transfer in a parallel-plate vertical channel stuffed an
aluminium foam of constant porosity of (𝜀 = 0.909), and halfway
heated at regular heat flux. The half lower parts of the channel walls
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were heated the other two half upper parts were deemed to be insu-
lated. The investigation was conducted employing the local thermal
non-equilibrium state between the two phases, and the Brinkman–
Forchheimer-extended Darcy formulation, for various geometrical as-
pect ratios (the heated part) and Reynolds number. They found that
Nusselt number decreases as the geometrical aspect ratio increases or
Reynolds number decreases. The results showed that the aspect ratio
has a significant influence on the energy transport within the solid
phase more than within the fluid phase, and the effect of Reynolds
number was more pronounced within the fluid phase.

Numerical simulations of buoyancy-supported mixed convective
flows a perpendicular canal packed with a highly permeated brass wire
mesh were performed by Kotresha and Gnanasekaran [138] using the
Darcy–Forchheimer equation under the effect of the local thermal non-
equilibrium condition. The brass mesh is joined to an aluminium slab,
which is placed inside the vertical canal as a heat source, thereby
the consequent system develops to be conjugate heat transfer. It was
reported that the augmentation in heat transfer by inserting the brass
wire mesh is doubled more than that without the porous medium.
Also, increasing the mesh porosity causes a reduction in the pressure
drop, but generates a further enhancement in heat transfer. Thus, it
was found that increasing the porosity of the wire mesh from 0.77
to 0.81, increases Nusselt number (Nu) 1.41 times, and from 0.77
to 0.85 increases (Nu) 1.86 times, see Fig. 33. Kotresha et al. [141]
studied the same physical problem of Kotresha and Gnanasekaran [138]
using the same momentum and energy models. They investigated the
effect of using four kinds of aluminium foam with PPI 10, 20, 30, and
45 that covering the porosity from 0.90 to 0.95, on the velocity and
temperature profiles and the heat transfer, for variant Reynolds and
Richardson numbers. Their results revealed that the value of Nusselt
number increases as the PPI of the metal foam enlarges; however, this
advantage was occurred on the expense of pressure drop. It was found
that the metal foam with 30 PPI is the best option for higher thermal
performance comparing with other foams.

Leela et al. [142] presented results for mixed convection heat
transport inside a vertical microporous parallel plate channel with
internal heat generation and viscous dissipation and internal heat
generation employing the Brinkman–Darcy momentum equation un-
der the assumption of local thermal non-equilibrium (𝐿𝑇𝑁𝐸). The
effect of considering the (𝐿𝑇𝑁𝐸) condition on the buoyancy-aided
convective flows was investigated for variable surface heat flux and
variable surface temperature boundary conditions. Also, they discussed
the impacts of some main parameters like Rayleigh, Brinkman, and
Darcy numbers, as well as the porosity scaled thermal conductivity
ratio, the inter-phase convective coefficient (𝐿𝑇𝑁𝐸 parameter), and
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the interior heat generation. The numerical results showed that the heat
dissipation rates increase as Rayleigh number and/or the interior heat
generation increase, for both boundary conditions considered. It was
also shown that the improvement in the (𝐿𝑇𝑁𝐸) parameter reduces
the heat transfer, and Darcy number does not have any influence on
the variation of Nusselt number.

3. Conclusions

In the above literature, the majority of the studies that have inves-
tigated mixed convection problem in porous channels used the early
simple Darcy’s formulation to represent the fluid motion. However,
other studies that have taken the non-Darcian effects into consideration
neglected the important other effects such as the porosity variation
through the domain which affects the flow field significantly particu-
larly in the vicinity of the solid boundary, and the thermal dispersion,
which influences the heat transfer characteristics in both the longitu-
dinal and the transverse directions. It has been claimed that the later
effect cannot be ignored once the non-Darcy effects become prevalent.
Regarding to the energy transport, it is expected that when there is a
significant difference between advection and conduction mechanisms
in transferring heat, which in involved in many applications, the di-
vergence between fluid and solid phases temperatures enlarges, and
then the thermal equilibrium condition becomes invalid. The current
literature reveals that a quite interest has been exerted in the area
of mixed convective heat transfer in a fluid-saturated porous media
utilising the two-equation energy model.

In summary, the studies that have been achieved so far for initiating
an appropriate model for mixed convection inside channels filled with
a porous material, comprising some streamlining presumptions for
instance adoption of (𝐿𝑇𝐸) condition, disregarding of the porosity
variation, or omitting the effect of thermal dispersion, have been first
reported. Then, the works of non-Darcain laminar mixed convection,
in which the influences of boundary, inertia, channelling effect, and
the inclusion of thermal dispersion under thermal non-equilibrium
(𝐿𝑇𝑁𝐸) condition are incorporated, have been recorded.

Nomenclature

𝑎, 𝑏 constants.
𝐴 ratio of heater length to height of porous layer

(𝐴 = 𝐿ℎ∕𝐻𝑝).
𝐴𝑅 duct aspect ratio, (width height).
Be Bejan number.
Bi Biot number.
Br Brinkman number.
𝐶𝐹 inertial coefficient.
𝑑 jet width, (m).
𝑑𝑝 particle diameter, (m).
Da Darcy number, Da=𝐾∕𝐻2.
𝐹 geometry function (Forchheimer term).
𝑔 gravitational acceleration, (m/s2).
Gr Grashof number, 𝐺𝑟 = 𝑔.𝛽.𝜌2.𝐻3.(𝑇ℎ − 𝑇𝑜)∕𝜇2.
Gr𝑙 lower critical Grashof number.
Gr𝑢 upper critical Grashof number.
𝐻𝑐 channel or cavity height, (m).
𝐻𝑝 height of porous layer, (m).
𝐻𝑤 solid wall thickness, (m).
𝐻𝑣 interfacial convective heat transfer parameter.
𝑘𝑓 fluid thermal conductivity, (W/m K).
𝑘𝑠 solid thermal conductivity, (W/m K).
𝐾 permeability, (m2).
𝐾𝑟 thermal conductivity ratio, (𝑘𝑠∕𝑘𝑓 ).
𝐾𝑝 wall heat conduction parameter.
𝐿ℎ length of heater, (m).
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𝐿𝑐 channel length, (m).
𝐿𝑑 distance between two heaters, (m).
𝑚, 𝑛 constants.
Nu𝑚 mean Nusselt number.
𝑝 dimensional pressure, (N/m2).
Pe Péclet number, Pe=Re.Pr.
Pe𝑥 local Péclet number, Pe=Re𝑥.Pr.
Pr Prandtl number.
𝑞 heat flux, (W/m2).
𝑟 pipe radius, (m).
Ra Rayleigh number, Ra= 𝑔.𝛽𝑓 .𝐻3.(𝑇𝑤 − 𝑇𝑜)∕𝛼𝑓 .𝜈𝑓 .
Ra𝑥 local Rayleigh number, Ra= 𝑔.𝛽𝑓 .𝑥3.(𝑇𝑤 − 𝑇𝑜)∕𝛼𝑓 .𝜈𝑓 .
Ra𝑐𝑟𝑖𝑡 critical Rayleigh number
Re Reynolds number, Re=𝑢𝑜.𝜌𝑓 .𝐻∕𝜇.
Ri Richardson number, Ri=Gr/Re2.
𝑇𝑐 cold temperature, (◦𝐶).
𝑇ℎ hot temperature, (◦𝐶).
𝑇𝑜 reference temperature, (◦𝐶).
𝑇𝑤 wall temperature, (◦𝐶).
𝑇𝑤𝑜 wall temperature at the origin level, (◦𝐶).
𝑇∞ free-stream temperature, (◦𝐶).
<St> average total entropy generation, (J s−1 K−1).
𝑢∞ free-stream horizontal velocity, (m/s).
𝑢𝐷 Darcian velocity, (m/s).
W𝑜 non-dimensional longitudinal velocity.
𝑥, 𝑦 dimensional Coordinates, (m).

reek symbols

𝛼𝑟 thermal diffusivity ratio, (𝛼𝑠∕𝛼𝑓 ).
𝛽 coefficient of volumetric expansion, (◦𝐶−1).
𝜷 channel inclination angle, (◦).
𝜆 curvature parameter of columnar cylinder.
𝛬 uniform temperature gradient applied along the wall.
𝜌𝑓 density, (kg/m3).
𝜀 porosity.
𝜙 non-dimensional temperature.
𝜇𝑓 fluid dynamic viscosity, (N s/m2).
𝜇′ effective dynamic viscosity, (N s/m2).
𝜈𝑓 fluid kinematic viscosity, (m2∕𝑠).
𝜁 inertia parameter.
𝜉(𝑓𝑜𝑟𝑐𝑒𝑑) non-similarity parameter covering forced convection

region.
𝜉(𝑛𝑎𝑡𝑢𝑟𝑎𝑙) non-similarity parameter covering natural convection

region.
𝜒 single non-similarity parameter.
𝜒 ′
(𝑥) local single non-similarity parameter for variable wall

temperature (VWT) condition.
𝜒∗
(𝑥) local single non-similarity parameter for variable heat

flux (VHF) condition.
𝛤 dimensionless pressure gradient (flow parameter).

ubscripts

𝑐 cold.
ℎ hot.
𝑜 reference point.
𝑓 fluid.
𝑠 solid.
𝑤 wall.
∞ free-stream.
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