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A B S T R A C T

We report on a numerical investigation of the unsteady mixed convective flow in a channel through a
horizontal porous layer under localised isothermal heating from below to probe the oscillatory flow and
thermal characteristics. The study was carried out for water flow within a plane channel containing stainless
steel spherical particles. For this study, the channel height/particle diameter ratio was 𝐻∕𝑑 = 100 and the
porosity was 𝜀 = 0.35. The effects of the imposed pressure-driven flow characterised by the Péclet number
(0.1 ≤ Pe ≤ 1000), and heating represented by the Rayleigh number (105 ≤ Ra ≤ 2 × 107), are investigated. The
results reveal that for low Péclet numbers, steady free convective flows are dominant, while for high Péclet
numbers, steady forced convective flows dominate. Importantly, no oscillatory flows are found to develop in
the free and forced convection regimes. However, for moderate Péclet numbers, oscillatory mixed convective
flows occur with different periodic, quasi-periodic, and chaotic flow behaviours. In addition, for low Rayleigh
numbers, Ra ≤ 106, the Nusselt number is not influenced by the Péclet number for Pe ≤ 1. Nevertheless, for
high Rayleigh numbers, Ra ≥ 2× 106, it is observed that there always exists a critical Péclet number for which
the Nusselt number is a minimum. The effects of the Péclet and Rayleigh numbers on the local and average
temperature disparity between the fluid and solid phases are then investigated.
1. Introduction

Mixed convective flows in porous channels have relevance to many
heat-transfer applications including cooling of electronic devices, heat
sinks of micro-electronics, compact heat exchangers, and solar plants.
Because of this, this topic has received considerable attention by many
researchers in the past, see (Gazy et al. [1]). For example, within verti-
cal channels, Hadim and Chen [2] examined the impact of two heating
boundary conditions, namely: uniform temperature; and uniform heat
flux, on the flow and heat transport. They found that a uniform tem-
perature boundary condition has a stronger effect on heat transfer
augmentation. Chen et al. [3] studied mixed convection for coupled
buoyancy-aided and buoyancy-opposed pressure-driven flows in a up-
right porous plane channel. They reported that the most significant
effect on heat transfer comes from varying the Darcy number, which
characterises the porous permeability. Rami et al. [4] investigated the
behaviour of mixed convection flows of a Newtonian fluid in an upright
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channel under constant wall temperature and solute concentration.
Their results indicated that the mixed convection parameter plays a sig-
nificant role in determining heat transfer rates. Degan and Vasseur [5]
investigated ascending aided mixed convection flows throughout a duct
employing different momentum models, in particular, the Brinkman–
Darcy model and the simple Darcy model. It was found that for small
values of porosity, both models produced similar results. Pop et al.
[6] examined the convective flow behaviour within a narrow porous
channel, noting that small values of channel width have a considerable
impact on the generation of flow recirculation. Umavathi et al. [7]
investigated mixed convective flows inside a standing channel for
three symmetric and asymmetric wall boundary conditions, namely:
isoflux–isothermal; isothermal–isoflux; and isothermal–isothermal, em-
ploying the Forchheimer–Brinkman–Darcy formulation. They reported
that the Forchheimer drag coefficient is the most significant parameter
that impacts the flow behaviour, particularly for the asymmetric wall
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Fig. 1. Physical setup of the flow problem.
Fig. 2. Principal computational grid generated throughout the channel space.
Fig. 3. Standard control volume enveloping a principal grid node P, displaying the
staggered positions.

Fig. 4. Results of grid reliance study in terms of average Nusselt number, at Ra = 2×107

and Pe = 1.0.

boundary condition. It was pointed out that as this parameter is de-
creased, flow circulation occurs in the vicinity of the walls. Buonomo
et al. [8] studied a time-dependent convective air flow through a verti-
cal porous duct containing high-porosity aluminium foam, considering
the assumption of thermal non-equilibrium within the porous duct. An
aim was to find unsteady flow behaviour; however, the results showed
that all the numerical flow solutions were steady without any indication
of flow instabilities. Avramenko et al. [9] investigated convective flows
inside a perpendicular round porous micro-channel under a slip bound-
ary condition. The results showed that both the hydraulic resistance
and the rate of heat removal increased with decreasing Darcy number.

Beyond those studies, mixed convection in horizontal porous chan-
nels has been also studied by many researchers. Lai et al. [13] inves-
tigated the effect of changing the size of a limited heating element
2

Fig. 5. Results of grid reliance study in terms of local Nusselt number, at Ra = 2×107

and Pe = 1000.

placed on the bottom channel wall of a porous channel, on the ther-
mal and hydrodynamic behaviours. They found that the heat source
length does not affect the flow and temperature characteristics at low
Rayleigh numbers. Nevertheless, increasing Rayleigh number generates
recirculating vortices, and by increasing Péclet number, the multi-
cellular flow translates to a bi-cellular one. Prasad et al. [14] analysed
convective flows through a horizontal porous duct for a fixed length
of heat source, which was assumed to be equivalent to the porous
layer height, for various Péclet and Rayleigh numbers. Their results
indicated that the conflict between the external supplied flow and the
buoyant flow produces bi-cellular recirculating cells close to the heat
source. Lai and Kulacki [15] investigated time-dependent convective
flows within a porous channel confined by double horizontal imper-
meable boundaries partly warmed from below by a local heat source.
The results showed tremendous oscillations in the flow behaviour and
the temperature field, especially at large values of Péclet and Rayleigh
numbers. They reported that using a steady-state formulation to analyse
such problems provides an inadequate solution because the flow is
likely to be time-dependent. Accordingly, it was recommended employ-
ing time-dependent formulations for analysing such phenomenon. Chou
and Chung [16] investigated convective flows in a packed bed of
spheres subjected either to constant circumferential wall temperature
or constant axial heat flux. Three packed beds, namely: water–glass,
air–glass, water–stainless steel particle beds, were considered. It was
found that the buoyancy forces have the most crucial influence on the
thermal and flow peculiarities at low thermal conductivity ratio and/or
low Péclet number. However, this influence reduces considerably as
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Fig. 6. Comparison between the results of (a) Wong and Saeid [10] and (b) current solver, for streamline patterns of an air jet impingement cooling of a source of heating inside
a porous canal at Pe = 40.
Fig. 7. Comparison amongst the results of Aminossadati and Ghasemib [11], Selime-
fendigil [12], and the present solver for mixed convection heat transfer from a discrete
heater installed inside an open cavity within a horizontal plate channel.

Fig. 8. Variations of Nu𝐹 with Pe for different Ra.

either Péclet number or conductivity ratio is increased. Yokoyama et al.
[17] studied convective water flows inside a channel having an abrupt
3

expanding step, and filled with glass spheres, with heating from the
bottom at the adjacent position to the step. They reported that the
presence of such a step does not impact heat transfer rates. Chang
et al. [18] investigated mixed convective flows in a 3-D horizontal
conduit packed with stainless steel particles subject to a constant heat
flux boundary condition from the right surface. They showed that
increasing the Rayleigh number and decreasing the Péclet number
lead to the development of secondary flows owing to the increased
dominance of buoyancy forces, and then the rate of heat removal be-
comes higher. Cimpean et al. [19] examined analytically steady mixed
convective flow within a porous inclined channel warmed by a uniform
heat flux from both upper and lower surfaces. It was indicated that an
increase in Péclet number reduces the impact of channel inclination on
the flow and temperature distributions, and produces more symmetrical
solutions. Saeid and Pop [20] studied transient convective flow in a
flat porous plane channel subject to a uniform heat flux from the lower
wall by a local heating element. They tested the effect of the heater
length with varying the Péclet number. They observed that at moderate
Péclet numbers, the convective flow begins to oscillate whenever the
mixed convection mode begins to dominate the thermal system because
of the conflict between buoyancy-induced effects associated with the
heat source and the external flow forcing in the channel. Wong and
Saeid [21] studied mixed convection forced by a heater installed on the
lower surface of a horizontal channel and cooled by a jet impingement
of air. They examined the impacts of the porosity and the inertial
coefficient, and found that these effects become insignificant in the
Darcy regime; although, in the non-Darcy regime, they turn out to
be influential only once forced convection prevails. Dixon and Kulacki
[22] conducted an experimental study to measure the convective heat
transfer coefficient in a channel packed with glass beads, and heated
at the lower surface with a finite-sized heat source. They developed
an experimental correlation for Nusselt number based on the bed
thickness, Rayleigh–Darcy number, and Péclet number, in an endeavour
to support their previous computational results reported in Dixon and
Kulacki [23]. Both the experimental and numerical results showed that
the Nusselt number decreases to a minimal value at a critical Péclet
number at the commencement of the mixed convection regime. Ozgen
and Yasin [24] studied convective flows inside a horizontal conduit
subject to heating from below to examine the influence of changing the
heat source position for different Péclet and Rayleigh numbers. Their
results displayed that as buoyancy effects are increased, complicated
secondary cells are generated, leading to a considerable augmentation
in heat removal from the conduit.

The literature review reveals that time-dependent convective flow
and heat transfer through a horizontal channel packed with a porous
medium partially heated from below has seen limited previous re-
search, except perhaps the studies of Lai and Kulacki [15] and Saeid



Thermal Science and Engineering Progress 47 (2024) 102340G.F. Al-Sumaily et al.
Fig. 9. (a) Variations of average Nu𝐹 with Pe at Ra = 105 and 106, and (b) Temporal variations of Nu𝐹 for different Pe, at (i) Ra = 105 and (ii) Ra = 106.
and Pop [20]. They discovered that convective flow begins to fluctuate
at moderate Péclet numbers, hence when mixed convection starts to
dominate, due to competition between buoyancy-induced forces and
external pressure-driven forces. However, they did not try to identify
the onset of the flow oscillation and when this oscillation vanishes. The
question that can be raised here is: How does the existence of flow
oscillation depend on Péclet and Rayleigh numbers? To answer this
question, in the current study, we provide further analysis for the case
studied previously by Lai and Kulacki [15] and Saeid and Pop [20] in
an attempt to specify the critical values of Péclet number for the onset
and the termination of the flow fluctuations, as the Rayleigh number is
varied.

2. Mathematical formulation

The flow domain considered in the current study is a two-
dimensional plane-channel of length, 𝐿, and height, 𝐻 , packed with
spherical particles, and heated from below using a discrete constant
temperature (𝑇 ) heating element in the middle position, as shown in
4

ℎ

Fig. 1. The channel is assumed to be sufficiently long (𝐿 = 21𝐻) to be
able to ignore the effects of the upstream and downstream regions on
the flow behaviour in the region near the heating element. The length
of the heating element is set to be the same as the channel height
(𝐿𝑠 = 𝐻). In addition, water, which is taken as the working fluid,
flows through the channel from the left inlet at a constant horizontal
velocity (𝑢𝑜) and (cold) temperature (𝑇𝑜), and leaves the channel freely
at the right outlet. The upper horizontal wall is isothermally cooled at
a constant temperature (𝑇𝑐), which is taken as the same as the inflow
temperature (𝑇𝑜), whereas the lower wall is insulated, except for the
discrete heating element.

For the current study, the fluid flow is taken to be two-dimensional,
unsteady, laminar and incompressible, and all the fluid thermo-physical
properties are assumed invariant except the variation in the water den-
sity with temperature, inducing buoyancy forces through the Boussi-
nesq approximation. Accordingly, the fluid velocities can be calculated
based on the Forchheimer–Brinkman–Darcy model that incorporates
the influences of inertia and viscous forces. The temperature field is
calculated on the basis of the two-equation energy model, namely, the
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Fig. 10. (a) Variations of average Nu𝐹 with Pe at Ra = 2 × 106, and (b) Temporal variations of Nu𝐹 for different Pe, at Ra = 2 × 106.
Local Thermal Non-Equilibrium (LTNE) model, that takes into account
the interfacial convection between the solid particles and the flowing
fluid, so that the phases are not necessarily in thermal equilibrium.
Therefore, following Kaviany [25], Nield and Bejan [26] and Mo-
hammed et al. [27], the problem can be mathematically formulated
through the following dimensional equations:

∇ ⋅ ⟨𝐮̃⟩ = 0, (1)

𝜌𝑓
𝜀

(

𝜕⟨𝐮̃⟩
𝜕𝑡

+ 1
𝜀
⟨

(

𝐮̃ ⋅ ∇
)

𝐮̃⟩
)

=
𝜇𝑓
𝜀
∇2

⟨𝐮̃⟩ − ∇⟨𝑃𝑓 ⟩ + 𝑆̃(𝑢,𝑣), (2)

where

𝑆̃(𝑢) = −
𝜇𝑓
𝐾

⟨𝐮̃⟩ −
𝜌𝑓𝐶𝐹
√

𝐾
|

|

|

⟨𝐮̃⟩||
|

⟨𝐮̃⟩,

and

𝑆̃(𝑣) = −
𝜇𝑓
𝐾

⟨𝐮̃⟩ −
𝜌𝑓𝐶𝐹
√

𝐾
|

|

|

⟨𝐮̃⟩||
|

⟨𝐮̃⟩ + 𝜌𝑓 𝛽𝑔
(

⟨𝑇𝑓 ⟩ − 𝑇𝑜
)

.

Here
|

⟨𝐮̃⟩| =
√

𝑢̃2 + 𝑣̃2.
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|

|

|

|

The energy equations for the fluid and solid phases are expressed as

𝜀
(

𝜌𝑐𝑝
)

𝑓

(

𝜕⟨𝑇𝑓 ⟩
𝜕𝑡

+⟨𝐮̃⟩⋅∇⟨𝑇𝑓 ⟩
)

= ∇⋅
(

𝑘𝑓.eff ,(𝑥,𝑦)∇⟨𝑇𝑓 ⟩
)

+ℎ𝑠𝑓𝑎𝑠𝑓
(

⟨𝑇𝑠⟩−⟨𝑇𝑓 ⟩
)

,

(3)

(

1 − 𝜀
)(

𝜌𝑐𝑝
)

𝑠
𝜕⟨𝑇𝑠⟩
𝜕𝑡

= ∇⋅
(

𝑘𝑠.eff∇⟨𝑇𝑠⟩
)

− ℎ𝑠𝑓 𝑎𝑠𝑓
(

⟨𝑇𝑠⟩ − ⟨𝑇𝑓 ⟩
)

. (4)

In these equations, ⟨...⟩ is an operator denoting to the local volume
average of quantities. For the case here, these are the dimensional
velocity vector (𝐮̃), dimensional pressure (𝑃𝑓 ) and dimensional temper-
ature (𝑇̃ ). Also, 𝜀, 𝐾, 𝐶𝐹 , ℎ𝑠𝑓 ), and 𝑎𝑠𝑓 are the porosity, permeability,
inertia coefficient, interphase convective coefficient, and interphase
specific superficial area, respectively. Additionally, 𝑆̃(𝑢) and 𝑆̃(𝑣) rep-
resent source terms in the dimensional momentum formulations, in the
𝑥̃- and 𝑦̃-directions, respectively. Finally, 𝜇, 𝜌, 𝑘, 𝛽, and 𝑐𝑝 represent the
viscosity, density, thermal conductivity, thermal expansion coefficient,
and specific heat capacity, respectively. The index (𝑓 ) indicates the
fluid phase, and the index (𝑠) indicates the solid phase, whereas the
index (eff) denotes an effective quantity.
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Fig. 11. Variations of (a) Strouhal number, and (b) oscillation amplitude, with Pe, at
Ra = 2 × 106.

Based on the following non-dimensionalisation

𝑥, 𝑦 =
𝑥̃, 𝑦̃
𝐻

, ⟨𝐮⟩ =
⟨𝐮̃⟩
𝑢𝑜

, 𝑡 =
𝑡𝑢𝑜
𝐻

, ⟨𝑇(𝑠,𝑓 )⟩ =

(

⟨

̃𝑇(𝑠,𝑓 )⟩ − 𝑇𝑜
)

(

𝑇ℎ − 𝑇𝑜
) , ⟨𝑃𝑓 ⟩ =

⟨𝑃𝑓 ⟩

𝜌𝑓 𝑢2𝑜
,

(5)

he non-dimensional governing equations reduce to:

⋅ ⟨𝐮⟩ = 0, (6)

𝜕⟨𝐮⟩
𝜕𝑡

+ 1
𝜀

(

⟨𝐮⟩ ⋅ ∇⟨𝐮⟩
)

= Pr
Pe∇

2
⟨𝐮⟩ − 𝜀∇⟨𝑃𝑓 ⟩ + 𝑆(𝑢,𝑣), (7)

where

𝑆(𝑢) = − 𝜀 Pr
Pe Da ⟨𝐮⟩ −

𝜀2 𝐶𝐹
√

Da
|

|

|

⟨𝐮⟩||
|

⟨𝐮⟩,

𝑆(𝑣) = − 𝜀 Pr
Pe Da ⟨𝐮⟩ −

𝜀2 𝐶𝐹
√

Da
|

|

|

⟨𝐮⟩||
|

⟨𝐮⟩ + 𝜀 Ra Pr
Pe2

⟨𝑇𝑓 ⟩,

nd

⟨𝐮⟩||
|

=
√

𝑢2 + 𝑣2,

𝜕⟨𝑇𝑓 ⟩
𝜕𝑡

+
(

⟨𝐮⟩ ⋅∇⟨𝑇𝑓 ⟩
)

= 1
𝜀Pe∇⋅

(

𝑘𝑓.eff ,(𝑥,𝑦)
𝑘𝑓

∇⟨𝑇𝑓 ⟩

)

+
Bi 𝑘𝑟
𝜀Pe

(

⟨𝑇𝑠⟩−⟨𝑇𝑓 ⟩
)

,

(8)

𝜕⟨𝑇𝑠⟩ =
𝛼𝑟 ∇⋅

(

𝑘𝑠.eff ∇⟨𝑇𝑠⟩

)

−
Bi 𝛼𝑟 (

⟨𝑇𝑠⟩ − ⟨𝑇𝑓 ⟩
)

, (9)
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𝜕𝑡 (1 − 𝜀) Pe 𝑘𝑠 (1 − 𝜀) Pe
where (𝐮), (𝑃𝑓 ), (𝑇 ) denote to the non-dimensional flow and thermal
variables, and 𝑆(𝑢) and 𝑆(𝑣) denote to the non-dimensional source terms.
Also, 𝛼𝑟 represents the solid/fluid thermal diffusivity ratio (𝛼𝑠∕𝛼𝑓 ),
while 𝑘𝑟 represents the thermal conductivity ratio (𝑘𝑠∕𝑘𝑓 ). Addition-
ally, one can see that there are number of governing non-dimensional
parameters – Rayleigh (Ra), Péclet (Pe), Darcy (Da) and Biot (Bi)
numbers – emerging from the non-dimensionalisation:

Ra =
𝑔𝛽𝐻3(𝑇ℎ − 𝑇𝑐 )

𝛼𝑓 𝜈𝑓
, Pe = Re.Pr, Da = 𝐾

𝐻2
, Bi =

𝐻2ℎ𝑠𝑓 𝑎𝑠𝑓
𝑘𝑠

,

(10)

where, Pr and Re are Prandtl and Reynolds numbers, as follows:

Pr =
𝜈𝑓
𝛼𝑓

, Re =
𝑢𝑜𝐻
𝜈𝑓

. (11)

The empirical expressions of Ergun [28] are employed to calculate
the inertia coefficient 𝐶𝐹 and the permeability 𝐾 as follows:

𝐶𝐹 = 1.75
√

150𝜀3
, 𝐾 = 𝜀3𝑑2

150 (1 − 𝜀)2
. (12)

Here, 𝑑 refers to the diameter of the uniform solid particles. Addition-
ally, the empirical expressions of Dullien [29] and Wakao et al. [30] are
employed to estimate the interphase superficial specific area 𝑎𝑠𝑓 and
the solid-to-fluid convective coefficient ℎ𝑠𝑓 , respectively, as follows:

𝑎𝑠𝑓 =
6(1 − 𝜀)

𝑑
, (13)

ℎ𝑠𝑓 =
𝑘𝑓
𝑑

(

2 + Pr1∕3.Re0.6𝑝
)

. (14)

In this latter expression, (Re𝑝) is the particle Reynolds number, defined
as

Re𝑝 =
|𝐮|𝑑
𝜈𝑓

. (15)

In studying flows through packed beds numerically, the Darcy number
and Biot number can be related to particle diameter and porosity. Thus,
by substituting the permeability Eq. (12) into the expression for the
Darcy number

Da =
( 𝑑
𝐻

)2 𝜀3

150 (1 − 𝜀)2
, (16)

while substituting Eqs. (13) and (14) in the Biot number definition gives

Bi = 6 (1 − 𝜀)
(

1
𝑘𝑟

)

(𝐻
𝑑

)2 (
2 + (Pr)1∕3

(

Re𝑝
)0.6

)

. (17)

In the current investigation, the effective thermal conductivity of
the fluid phase, 𝑘𝑓.eff ,(𝑥,𝑦), includes the effects of the dispersion conduc-
tivity, 𝑘𝑑,(𝑥,𝑦), in the 𝑥- and 𝑦-directions, and the stagnant conductivity,
𝑘𝑠𝑡.𝑓 ,

𝑘𝑓.eff ,(𝑥,𝑦) = 𝑘𝑑,(𝑥,𝑦) + 𝑘𝑠𝑡.𝑓 . (18)

The experimental correlation of Zehner and Schluender [31] is em-
ployed to calculate 𝑘𝑠𝑡.𝑓 :

𝑘𝑠𝑡.𝑓 = 𝑘𝑓 .

[

(

1 −
√

1 − 𝜀
)

+

(

2
√

1 − 𝜀
1 − 𝜆𝐵

)

(

(1 − 𝜆)𝐵
(1 − 𝜆𝐵)2

ln(𝜆𝐵) − 𝐵 + 1
2

− 𝐵 − 1
1 − 𝜆𝐵

)

]

, (19)

whereas, the practical formulations of Wakao and Kaguei [32] are
employed to calculate 𝑘𝑑,(𝑥,𝑦)

𝑘𝑑,(𝑥) = 𝑘𝑓
(

0.5 Pr Re𝑝
)

, 𝑘𝑑,(𝑦) = 𝑘𝑓
(

0.1 Pr Re𝑝
)

. (20)

ere, 𝐵 = 1.25
(

(1 − 𝜀)∕𝜀
)

10
9 and 𝜆 = 1∕𝑘𝑟. However, the effective

thermal conductivity of the solid phase (𝑘 ) includes only the impact
𝑠.eff
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Fig. 12. (a) Streamlines patterns and (b) isotherms patterns, at different Pe and at Ra = 2 × 106.
of the stagnant conductivity (𝑘𝑠𝑡.𝑠) in the solid spheres, which is cal-
culated employing an another experimental correlation of Zehner and
Schluender [31],

𝑘𝑠𝑡.𝑠 = 𝑘𝑠.(1 − 𝜀). (21)

3. Boundary conditions and heat transfer

For the velocities and the temperatures, Dirichlet boundary con-
ditions are employed at the channel surfaces, heat source, and the
inlet, whereas, Neumann boundary conditions are used at the outlet.
Specifically:

Inlet: at (𝑥 = 0) and (0 < 𝑦 < 𝐻), 𝑢𝑜 = 1, and 𝑣𝑜 = 𝑇𝑜 = 0,

Upper surface: at (𝑦 = 𝐻) and (0 < 𝑥 < 𝐿), 𝑇𝑐 = 𝑇𝑜 = 0, and 𝑢 = 𝑣 = 0,

Lower surface (except heater): at (𝑦 = 0) and (0 < 𝑥 < 𝐿), 𝜕𝑇
𝜕𝑦

= 𝑢 = 𝑣 = 0,

Heater: at (𝑦 = 0) and along (𝐿𝑠), 𝑇ℎ = 1 and 𝑢 = 𝑣 = 0,

Outlet: at (𝑥 = 𝐿) and (0 < 𝑦 < 𝐻), 𝜕𝑇
𝜕𝑥

= 𝜕𝑢
𝜕𝑥

= 𝜕𝑣
𝜕𝑥

= 0. (22)
7

The mean fluid Nusselt number (Nu𝐹 ) is estimated by integrating the
local Nusselt number over the heater length,

Nu𝐹 = 1
𝐿𝑠

∑

∫𝐿𝑠

(−𝑘𝑓.eff
𝑘𝑓

𝜕𝑇𝑓
𝜕𝑦

)

𝑑𝑥. (23)

4. Numerical approach

To numerically solve the differential Eqs. (6)–(9) and estimate
the velocity and temperature fields in the channel, the finite-volume
approach is utilised to computationally discretise the equations and
incorporate boundary conditions. This approach, which is described
thoroughly in Patankar [33], is incorporated in our in-house FORTRAN
software to predict the development of the flow and energy transfer
of the time-dependent mixed convection flow in the porous channel.
Briefly, at first, the channel space is entirely split into horizontal and
vertical lines generating the principal computational grid described in
Fig. 2. As illustrated in Fig. 2, a non-uniform spacing is used in the
zones that undergo high gradients, e.g., near the heat source and the
solid boundaries. The points of intersection between the perpendicular
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Fig. 13. (a) Variations of average Nu𝐹 with Pe at Ra = 3 × 106, and (b) Temporal variations of Nu𝐹 for different Pe, at Ra = 3 × 106.
and horizontal lines are so-called grid nodes. Every grid node (P) is
enveloped by so-called a control volume, which comprises imaginary
borders positioned in the halfway between the node P and any ad-
jacent node (N), (S), (E), or (W). The positions of these imaginary
borders produce a supplementary secondary computational grid known
as a staggered grid. Fig. 3 depicts a standard control volume having
dimensions (𝛥𝑥 × 𝛥𝑦) enveloping a principal grid node P connecting
with the four adjacent nodes N, S, E, and W, and displaying the
locations of staggered grid. Typically, the pressure and temperature
variables are estimated at the principal nodes, whereas the velocity
field is estimated at the staggered locations. After that, the hybrid
differencing scheme, reported in Ferziger and Peric [34], is employed
8

to integrate the differential Eqs. (6)–(9) across the computational grid
for producing non-linear algebraic formulations. Then, the SIMPLEC
algorithm of Patankar [33] is used to link the continuity and mo-
mentum formulations, and solve them simultaneously with the energy
formulation using the alternating direction implicit (ADI) approach.

A grid reliance study was conducted to assure that the results
acquired from the current code are independent of computational grid.
During this study, six different grid sizes namely, 𝑀1, 𝑀2, 𝑀3, 𝑀4,
𝑀5, and 𝑀6, which are detailed in Table 1, were employed. This study
was performed at different Rayleigh and Péclet numbers. For instance,
Fig. 4 displays the results of the variation of average fluid Nusselt
number Nu at Ra = 2 × 107 and Pe = 1.0, whereas, Fig. 5 displays
𝐹
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Fig. 14. (a) Variations of average Nu𝐹 with Pe at Ra = 4 × 106, and (b) Temporal variations of Nu𝐹 for different Pe, at Ra = 4 × 106.
the results in terms of local Nusselt number (Nu𝐿) at Ra = 2 × 107 and
Pe = 1000. The study revealed that the computational grid 𝑀5 with
size of (𝛥𝑥 × 𝛥𝑦 = 161 × 61) is appropriate to be used in the present
investigation because it permits a rational settlement between the time
and the accuracy with an utmost deviation < 0.01%.

Our existing solver was validated against the numerical results
of Wong and Saeid [10] for the problem of air jet impingement cooling
of a source of heating inside in a porous canal. Fig. 6 demonstrates the
results of both algorithms for streamline patterns at Pe = 40, and shows
a reasonable agreement between them. It is noteworthy that we used
9

Table 1
Grid sizes employed to check the grid independency.

Mesh 𝑀1 𝑀2 𝑀3 𝑀4 𝑀5 𝑀6

(𝛥𝑥 × 𝛥𝑦) (121 × 21) (131 × 31) (141 × 41) (151 × 51) (161 × 61) (171 × 71)

this software in our previous works (Mohammed et al. [27], Alawee
et al. [35], Hayder et al. [36]) to analyse mixed convective flows in
porous channel and cavity, respectively. In addition, the numerical
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Fig. 15. (a) Variations of average Nu𝐹 with Pe at Ra = 6 × 106, and (b) Temporal variations of Nu𝐹 for different Pe, at Ra = 6 × 106.
accuracy of the solutions is characterised by means of a quantita-
tive comparison amongst the results of Aminossadati and Ghasemib
[11], Selimefendigil [12], and the present solver for mixed convection
heat transfer from a discrete heater installed on the bottom of an open
cavity within a horizontal plate channel (see Fig. 7).

5. Results and discussion

This investigation is performed to examine water flow through a
horizontal plane channel packed with stainless steel particles, for a
10
range of Péclet (Pe = 0.1 − 1000) and Rayleigh numbers (Ra = 105 −
2 × 107). The thermal and structural properties of water and stainless
steel, which are illustrated in Table 2, are considered to be constant for
this investigation.

The plots of mean fluid Nusselt number against Péclet number for a
range of Rayleigh numbers are displayed in Fig. 8. The figure displays
that the magnitude of the Nusselt number increases as the Rayleigh
number is increased. However, the impact of the Rayleigh number
entirely vanishes for higher values of Péclet number, Pe ≥ 400. In
addition, it is found that for low Rayleigh numbers, Ra ≤ 106, Nusselt
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Fig. 16. (a) Variations of average Nu𝐹 with Pe at Ra = 8 × 106, and (b) Temporal variations of Nu𝐹 for different Pe, at Ra = 8 × 106.
number is unaffected by Péclet number for Pe ≤ 1. This is attributed
to the domination of Bénard convection in the channel. However, for
Pe > 1, the Nusselt number is found to always increase as Péclet number
is increased. Importantly, one can see that for Pe > 10, the slopes of
Nusselt number curves increase remarkably due to the dominance of
forced convection. It is clear that the curves of Nusselt number are
smooth for this low range of Rayleigh number, Ra ≤ 106. Nevertheless,
for higher Rayleigh numbers, Ra ≥ 2 × 106, it is observed that the
11
curves always have minima at critical Péclet numbers. The existence
of a critical Péclet number could be ascribed to the balance between
the competition between forced and free convection. In particular, this
critical Péclet number occurs when the augmentation in heat transfer
due to the forced convection is less than the diminution from free
convection. Interestingly, it is shown that the curves of Nusselt number
do not change smoothly with Péclet number for almost the entire
range 3 ≤ Pe ≤ 300. This is due to the existence of unsteady flow in
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Fig. 17. (a) Variations of average Nu𝐹 with Pe at Ra = 107, and (b) Temporal variations of Nu𝐹 for different Pe, at Ra = 107.
the channel. Therefore, the flow behaviour needs to be investigated
carefully over this Péclet number range.

To explore this further, numerical simulations were undertaken for
small increments of Péclet number at each Rayleigh number. Fig. 9a
shows the Nusselt number variation for two Rayleigh numbers: Ra =
105 and 106. Notably, it was found that all flow predictions reached a
steady state without fluctuating with time, showing smooth variation
with Péclet number. Additionally, one can see that Nusselt number is
12
only weakly influenced by Rayleigh number, with more influence seen
at moderate and higher Péclet numbers. Hence, for Pe = 0.1 − 10, the
Nusselt number is effectively invariant, demonstrating the dominance
of Bénard convection, while, for Pe > 10, Nusselt number increases
strongly with Péclet number. This critical Péclet number denotes to the
beginning of the mixed convection regime that means both convection
and buoyancy effects play a role in affecting the heat transfer. Fig. 9b
exhibits the variations of mean Nusselt number with time at Ra = 105
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Fig. 18. (a) Variations of average Nu𝐹 with Pe at Ra = 2 × 107, and (b) Temporal variations of Nu𝐹 for different Pe, at Ra = 2 × 107.
and 106, and for the whole range of Péclet number. It is observed that
for all cases, the Nusselt number monotonically decreases with time
until reaching the steady-state asymptotic value. Another interesting
finding is that the behaviour of the transient time taken for approaching
steady state decreases as the Péclet number is reduced. For instance,
the case of Pe = 0.1 requires the shortest time to reach the steady-state
solution, as the strength of the forced flow heat transfer is very weak
in comparison to straight heat conduction. This also reflects that the
13
time scaling is based on a convective time scale rather than a thermal
conduction time scale.

Next, considering the case of Ra = 2 × 106, the temporal variations
of Nusselt number at different Péclet numbers are presented in Fig. 10.
It can be seen that for 0.1 ≤ Pe ≤ 4, the flow field reaches a steady
state after a transient period and becomes stable. However, for 5 ≤
Pe ≤ 20, it is worthwhile to record that the flow field becomes unstable
and oscillatory. Thus, the Nusselt number does not reach a steady
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Fig. 18. (continued).
Fig. 19. (a) Variations of Nu𝐹 with time at Ra = 2 × 107 and Pe = 2.0, and (b) streamlines of flow behaviour at different times indicated in (a).
state condition but fluctuates with time. Fig. 11, which displays the
variations of Strouhal number (St) representing the frequency of flow
fluctuation and the oscillation amplitude (A), against Péclet number,
14
demonstrates that this flow fluctuation has a low frequency at Pe =
5 that increases as Péclet number is increased. Over this range, the
fluctuating amplitude increases to a peak value as Péclet number is
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Fig. 20. (a) Variations of Nu𝐹 with time at Ra = 2 × 107 and Pe = 4.0, and (b) streamlines of flow behaviour at different times indicated in (a).
.

Table 2
Thermal and structural properties of water and stainless steel considered in this study

Water properties

Pr 7.1
𝒌𝒇 (W∕m K) 0.609
𝜶𝒇 (m2∕s) 0.14559 × 10−6

Stainless steel properties
𝒌𝒔 (W∕m K) 52
𝜶𝒔 (m2∕s) 0.13248 × 10−4

𝜺 0.35
𝑯∕𝒅 100

increased from Pe = 5 to 6; however, thereafter, it decreases until
reaching a small magnitude at Pe = 20. For Pe > 20, there is no
fluctuation, indicating that the flow once again becomes stable.

Fig. 12 illustrates the impact of increasing flow convection, quanti-
fied by Péclet number, on the flow and the temperature distributions
at Ra = 2 × 106. It is noted that for low Péclet number, Pe ≤ 1,
the velocity and temperature distributions are strongly affected near
the edges of the heater. Thus, multiple recirculation cells and buoyant
plumes are generated along the heater length. For example, the figure
demonstrates that at Pe = 1, four convective cells and two reversed
plumes have developed above the heater, indicating that buoyancy is
15
dominant. By raising the Péclet number to Pe = 4, one of the two
inner cells is suppressed. For increased Péclet number, the flow is seen
to change between from a strong multicellular structure spanning the
entire channel height to smaller cells attached only to one wall. Even-
tually, at even higher Péclet number, pure forced convection dominates
and all recirculation cells disappear.

It is worth mentioning that Horne and O’Sullivan [37,38] reported
that oscillatory flow developed in a free convection dominated flow
within a porous medium fed by disturbances generated by an instability
of the thermal boundary layer. Nevertheless, in the existing investiga-
tion, no oscillatory flows are found to develop in the free-convection
regime even for higher Rayleigh numbers, as we will see later. The
current results show periodic flow cells occur within the mixed con-
vection regime as a result of only the unsteadiness in the thermal
boundary layer. Indeed, such flow instability takes place through the
interconnection between buoyancy forces and the externally induced
flow. Hence, the buoyancy forces have the predisposition to enlarge the
thermal boundary layer; while the external flow forces tend to restrain
it. Also, the presence of the top horizontal surface strengthens further
this interconnection by assisting in the destruction and restoration of
the circulating convection cells.

Now, the question is: How is the range of Péclet number for flow
instability to occur affected by the amount of heating from the heat
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Fig. 21. (a) Variations of Nu𝐹 with time at Ra = 2 × 107 and Pe = 40, and (b) streamlines of flow behaviour at different times indicated in (a).
source represented by Rayleigh number? To answer this question,
numerous numerical runs were conducted at many Rayleigh numbers.
Thus, Figs. 13–18 display the detailed variations of Nusselt number
against Péclet number at Ra = (3, 4, 6, 8 × 106), 107, 2 × 107, along with
their transient responses. In Fig. 13, it is obvious that as Rayleigh
number is increased from Ra = 2 × 106 to Ra = 3 × 106, the range
of Péclet number that causes oscillation in Nusselt number increases.
Thus, the onset of the flow oscillation occurs at approximately the same
magnitude of Péclet number of Pe = 5, but the extent of the flow
oscillation range extends to Pe = 50. Thus, the range of Péclet number
leading to flow instability is increased 3 times, despite having the same
lower Péclet number bound. One can observe that the oscillation period
together with the oscillation amplitude are reduced as Péclet number
is increased. Fig. 14 shows that as Rayleigh number is increased to
Ra = 4 × 106, the onset of the flow oscillation shifts slightly to begin
at Pe = 6, and the termination of the flow oscillation shifts towards
Pe = 70. Hence, the range of the flow instability is increased by 1.4
times as Rayleigh number is raised from Ra = 3 × 106 to Ra = 4 × 106.
Indeed, this can be attributed to the fact that buoyancy effects increase
with increasing Rayleigh number, as well as that the balance with
the external-induced flow for flow oscillation requires higher Péclet
number. Once again, the lower the Péclet number, the shorter the time
period of oscillation and the smaller the oscillation amplitude.
16
In Figs. 15–17, it is shown that at Ra = 6×106 unsteady oscillations
occur over the range 8 ≤ Pe ≤ 120, which is a 1.75 times increase in the
range of Péclet number, and at Ra = 8 × 106 unsteady solutions occur
for 12 ≤ Pe ≤ 150, which a 1.23 times increase in the range of Péclet
number. Increasing Rayleigh number further to Ra = 1×107 leads to an
unstable range of 15 ≤ Pe ≤ 190, with a 1.26 times increase in the range.
It is also shown that as Rayleigh number is raised, the lower and upper
limits both increase, but the increase in the higher limit increasing
faster than the lower limit. In addition, at high Rayleigh numbers
of Ra = 8 × 106 and 2 × 107, the previously observed periodic flow
oscillations are observed to convert into quasi-periodic oscillations. For
instance, this is observed between Pe = 30 − 80, due to the increasing
buoyancy effects competing with flow convection forces. On the other
hand, in Fig. 18 at the highest Rayleigh number investigated of Ra
= 2×107, the predictions show that the range of Péclet number without
steady solutions increases in both the backward and forward directions.
Hence, flow oscillation behaviour begins at Pe = 2 and vanishes at
Pe = 340, extending the range of 15 ≤ Pe ≤ 190 at Ra = 1 × 107, with a
1.93 times increase in Pe range. Furthermore, it is found in some cases,
for example, at Pe = 40 and 50, chaotic flow behaviours develop in the
channel.

In order to present a clearer picture between periodic, quasi-

periodic, and chaotic flow behaviours generated in the channel at
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Fig. 22. (a) Variations of Nu𝐹 with time at Ra = 2 × 107 and Pe = 100, and (b) streamlines of flow behaviour at different times indicated in (a).
Ra = 2 × 107, Figs. 19–23 display the transient flow field over each
full oscillation period at different Péclet numbers Pe = 2, 4, 40, 100, 200,
respectively. Fig. 19 shows the transient flow field under a weak forced
flow in comparison to the buoyancy-induced flow. It is perhaps not
surprising to see two pairs of recirculating cells generated in the flow
domain, with the inner cells deformed and having a small aspect ratio
of less than 0.3. It is obvious that this flow structure is a kind of unstable
multicellular convection experiencing a full periodic oscillation with
low frequency and small amplitude. As Péclet number increases to
Pe = 4, it is shown in Fig. 20 that the inner cells are carried away
by the forced flow, leaving a single pair of convective recirculating
cells, which is also unstable. This pair of convective cells appear to
have a nice quasi-periodic oscillation also with low frequency and small
amplitude. However, as Péclet number is increased further to Pe = 40,
the inner cells emerge again in the flow field. Nonetheless, they are
shown to be in a destruction/regeneration repeating cycle, with the
main external cells remaining but subject to high deformation. It can
be seen that the flow field shows chaotic behaviour that commences
with the destruction of the first internal cell followed by the second
internal cell, then regeneration of both, and lastly with them combin-
ing. Very non-uniform flow behaviour is seen for this Péclet number.
17
Interestingly, as the Péclet number is increased to Pe = 100, it can
be seen that the flow field restores to a more quasi-periodic behaviour.
This is possibly due to that increased strength of the forced flow, which
restrains the instability of convective cells, but also increases their
recirculation intensity. On increasing Péclet number further, the flow
field returns to its usual periodic flow state at Pe = 200.

In this mixed convection regime, it is of particular interest to
probe the impacts of Péclet and Rayleigh number on the temperature
distributions of the flowing fluid and the solid particles that repre-
sent the two phases of the porous medium used. Figs. 24 and 25
present these distributions for the solid and fluid phases, as well as
the localised temperature disparity between them (𝑇𝑓 −𝑇𝑠), at different
Péclet and Rayleigh numbers. It is shown in both figures that the
solid thermal field is hardly affected by Péclet and Rayleigh numbers;
however, these parameters considerably affect the fluid thermal field.
Accordingly, one can see that the two phases tend to have similar
thermal fields at low Péclet and/or Rayleigh numbers. This means that
they are in local thermal equilibrium (𝐿𝑇𝐸). However, as any one of
these parameters increases, the disparity between temperature fields of
the phases increases, indicating the loss of local thermal equilibrium
condition between them. The hypothesis of local thermal equilibrium
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Fig. 23. (a) Variations of Nu𝐹 with time at at Ra = 2 × 107 and Pe = 200, and (b) streamlines of flow behaviour at different times indicated in (a).
𝐿𝑇𝐸 when analysing convection heat transfer in porous media is well-
described in Gazy et al. [39], defining the circumstances that make
such hypothesis to be valid or not. For more insight, Fig. 26 shows the
alteration of the average temperature discrepancy between both phases,
(𝑇𝑓 − 𝑇𝑠), against Péclet number for a range of Rayleigh numbers. The
figure demonstrates that for low and moderate Péclet numbers Pe =
0.01–100, (𝑇𝑓 − 𝑇𝑠) reduces as Rayleigh number decreases, but there is
little effect of Péclet number. However, for high Pe ≥ 100, (𝑇𝑓 − 𝑇𝑠) is
increased significantly at increasing Péclet number, and the effect of
Rayleigh number effectively vanishes.

6. Conclusions

In the current study, computational results are presented for un-
steady mixed convection water flows and heat transfer within a hori-
zontal plane channel packed with stainless steel beads, and heated from
below with a localised heat source. The conclusions of this study are as
follows.

(1) Generally, for small Péclet numbers, steady free convection dom-
inates, while for high Péclet numbers, steady forced convection
dominates. No oscillatory flows are found to develop in these
free and forced convection regimes. However, interestingly, for
moderate Péclet numbers, oscillatory mixed convective periodic
flows develop. In some cases, quasi-periodic and chaotic flow
behaviours are observed.
18
(2) For low Rayleigh numbers, Ra = 105 and 106, all the flow
cases are steady; however, for high Rayleigh numbers, Ra ≥
2 × 106, there always appears to be a critical Péclet number
where Nusselt number has a minimal value, corresponding to
the occurrence of oscillatory flow.

(3) At Ra = 2 × 106, the flow field becomes unstable for a certain
range of Péclet number 5 ≤ Pe ≤ 20, and this range increases as
Rayleigh number increases.

(4) For low to moderate Péclet number Pe = 0.01–100, the average
difference between the fluid and solid temperatures (𝑇𝑓 − 𝑇𝑠)
reduces as Rayleigh number is decreased, but without any influ-
ence from Péclet number. However, for high Pe ≥ 100, (𝑇𝑓 − 𝑇𝑠)
is increased significantly by increasing the Péclet number, while
the impact of Rayleigh number vanishes.

7. Limitations of the present work

The current numerical code has the ability to solve the 2𝐷 problem,
and consider the packed beads as circles. Indeed, the effort is directed
to develop the numerical algorithm to solve the problem in 3𝐷 dimen-
sions, dealing with the particles as spheres, to investigate the impacts
of their parameters such as the particle diameter and porosity on the
flow stability inside the 3𝐷 channel.
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Fig. 24. (a) Fluid isotherms patterns, (b) Solid isotherms patterns, (c) (𝑇𝑓 − 𝑇𝑠) between two phases, for different Péclet numbers at Ra = 1 × 106.



Thermal Science and Engineering Progress 47 (2024) 102340

20

G.F. Al-Sumaily et al.

Fig. 25. (a) Fluid isotherms patterns, (b) Solid isotherms patterns, (c) (𝑇𝑓 − 𝑇𝑠) between two phases, for different Rayleigh numbers at Pe = 10.
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Fig. 26. Variations of average temperature difference (𝑇𝑓 − 𝑇𝑠) with Pe for different
Ra.

Nomenclature

𝑎𝑠𝑓 inter-phase surface area.
𝐵𝑖 Biot number.
𝐶𝐹 inertia factor.
𝑐𝑝 parameter of specific heat.
𝑑 diameter of spherical particles.
𝐷𝑎 Darcy number.
𝑔 gravity.
𝐻 height of channel.
ℎ𝑠𝑓 inter-phase convective coefficient.
𝑘 thermal conductivity.
𝐾 permeability.
𝐿 length of channel.
𝐿𝑠 length of heating element.
Nu𝐹 average fluid Nusselt number.
𝑃 grid node.
𝑃𝑓 pressure.
Pe Péclet number.
Pr Prandtl number.
Ra Rayleigh number.
Re Reynolds number.
𝑇 temperature.
𝑡 time.
𝑢, 𝑣 velocities.
𝑥, 𝑦 coordinates.

Greek symbols
𝛼 thermal diffusivity.
𝛽 volumetric expansion factor.
𝜌 density.
𝜀 porosity.
𝜇 dynamic viscosity.
𝜈 kinematic viscosity.

Superscripts
̃ dimensional quantity.

Subscripts
𝑑 dispersive.
eff effective.
𝑓 fluid.
ℎ hot.
𝑜 inlet.
𝑝 particle level.
𝑠 solid.
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𝑠𝑡 stagnant.
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