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Abstract

The flow of blood past an axisymmetric thrombus analogue,
within an in vitro geometry, is computed via solution of the
three–dimensional (3D) Navier–Stokes equations. A spectral-
element / Fourier spatial discretization is used to solve for the
flow within the domain. Particle tracking is used to model the
Lagrangian behavior of thrombocytes (platelets) throughout the
domain and to investigate the temporal gradients of shear rate
which occur. Previously we have shown that increasing throm-
bus size results in significant changes in the maximum shear
rate occuring concurrently with topological transitions of shear
rate (Butler et al. 2009). This paper shows that despite low
Reynolds numbers (O(1)) non–linear behavior is observed with
respect to shear rate surrounding the thrombus analogue. Inves-
tigating the domain with a Lagrangian framework attached to
platelets reveals a ‘chequerboard’ pattern of shear rate gradient.
This suggests multiple regions of platelet adhesion may occur.
Further studies of shear dependent thrombus growth must in-
vestigate both the bulk and local variations in shear rate.

Introduction

Thrombosis, the development of blood clots within the vas-
culature, presents a significant clinical risk of myocardial in-
faction, cerebral and pulmonary embolism, and other diseases.
Studies have long shown that there is an interaction between
vascular diseases and the dynamics of blood flow (for reviews
see [11, 4, 20]). However, the investigation of flow effects on
thrombus growth is more recent. In general a thrombus is an
aggregate of blood cells and proteins bound to a blood vessel
wall. The structure of the thrombus under arterial conditions
is dominated by platelets. As a result the growth of a throm-
bus, under arterial conditions, is dependent on the aggregation,
adhesion and activation of platelets [6]. An important question
may be posed; after initial formation of a thrombus what inter-
actions mediate platelet adhesion and activation after isolation
of the injury site?

In addition to the biochemical processes that occur, early stud-
ies [2] showed shear force dependent platelet functionality at
pathological shear rates (γ ≥ 10000). Further research revealed
that shear rate correlates with the adhesive potential of platelets
[17, 16]. However, recent research, particularly that of Nesbitt
et al. [13], has shown a causal relationship between shear–force
and the initial adhesion and recruitment of a platelet to a throm-
bus. Critically the physical recruitment occurs in the absence of
chemical agonists previously thought to be required for recruit-
ment [8]. It was also theorized that spatial ‘micro–gradients’ of
shear are required for shear mediated platelet aggregation[13].
However, earlier research showed platelet functionality varied
with temporal shear rate gradient [8]. In this paper we seek
to extend our previous work by exploring two effects: The ef-
fect of changing bulk flow properties (Reynolds number) on the
system, and the behavior of shear rate when considered within
Lagrangian, rather than Eulerian, framework.

The current state of the art method for studing platelet adhesion
in vitro can be found summarized in [12]. Importantly we note

that there is no consideration of the non-linear effects of the
Navier–Stokes equations on shear rate. Shear rate is approxi-
mated globally by Poiseuille flow:

γb =
6Ū
H

, (1)

whereŪ is the mean flow velocity,H is the height of the chan-
nel andγb is the bulk (or wall) shear rate in the two dimen-
sional channel. Our previous work [3] has shown that this sim-
plistic approach is insufficient when considering local gradients
surrounding the thrombus. In this paper we seek to show that
Reynolds number effects play a significant role in determining
shear rate amplitude, despite the lowRe. Additionally,an ap-
propriate reference frame, in this case a Lagrangian framework
attached to the platelets, is important when considering the in-
fluence of shear rate variations.

Methodology

The thrombotic geometry considered in this study is a simpli-
fied geometry based on thein vitro geometry described in [12]
such as used by [17, 16, 8, 13] and others. These geometries
considered thrombi adhering to the wall of a high aspect ratio
(AR) micro channel where typically:

AR=
W
H

= 10, (2)

whereW is the width of the channel andH the height. A throm-
bus analogue is introduced into the channel, at the centreline,
to simulate the thrombus. The thrombus analogue is defined by
a partially protruded sphere where the ratio of thrombus height
(HT ) to radius (r) is fixed (0.25= HT

r ). The thrombus height
within the channel is defined based on the ratio of thrombus
height to channel heightht = HT/H. An example spectral–
element mesh is shown in figure 1. The mesh shown is a merid-
ional half plane (r −z) which defines the axisymmetric domain
over which the flow is solved. The radius of the mesh (L) is
such that the mesh reaches the side wall of the channel at the
maximum extent. This domain allows an analytical model to be
used for the inlet boundary condition which is described in the
boundary conditions section.

The Reynolds number for the system is defined as for channel
flow:

Re=
ŪH

ν
, (3)

whereν is the kinematic viscosity. Given the high shear rates
which in vitro experiments typically explore (γb ≥ 1000) a New-
tonian model for blood flow is valid [15]. Matched to the condi-
tions of [13] a linear relationship between (γb) andReis derived
as: Re= 4.34× 10−3γb. Given this, a parameter space was
constructed consisting of a range of biologically relevantshear
rates (1200≤ γb ≤ 10000). For eachγb a range of 21 thrombus
heights (0.02≤ ht ≤ 0.8) are considered.

Bulk shear rate (γb) as previously defined is sufficient to explore
the parameter space when not considering local fluid dynamics.



Figure 1: Representative computational mesh diagram,(r+ −
z) plane. Spectral–element boundaries are denoted bold lines.
Thin grey lies denote nodal evaluation points. The dashed red
line denotes axis of spatial symmetry.

However, shear rate is defined by the rank two strain tensorSas

S= ∇u+(∇u)T . (4)

This definition may be simplified to a scalar shear rate (γ) as:

γ =
√

2
√

S: S. (5)

In this study, shear rate is normalized by the bulk upstream con-
ditions,

χ =
γ
γb
, (6)

non–dimensionalizing shear rate in a fashion such that the
undisturbed system (without a thrombus) has a maximum of
χ = 1.

Numerical Techniques

This study considers blood as an incompressible, Newtonian
fluid. The flow is considered to be unsteady within the previ-
ously described channel. This approximation yields the Navier–
Stokes equations to be solved as

∂u
∂t

+u ·∇u =−∇P+ν∇2u, (7)

∇ ·u = 0, (8)

whereν is the kinematic viscosity,u is the velocity vector field
and P is the kinematic pressure field. The momentum equa-
tion is integrated, in the weak form, using a third order dual
operator splitting scheme (details within [9]). The integration
scheme is coupled with a spectral–element discretization and
solved in primitive variable form (for a review of the tech-
nique see [10]). The implementation of the spectral–element
technique has been previously validated within [19]. The 2D
spectral–element technique was implemented on a meridional
semi–plane and extruded azimuthally using a Fourier expansion
based on [1] which was previously implemented in [18]. A grid
resolution study was performed at the highest Reynolds num-
ber (Re= 22) and grid independent convergence was observed
(data not shown).

Boundary Conditions

The inlet and outlet boundary velocity boundary conditionsare
the analytic solution of rectilinear channel flow. The boundary

Figure 2: Normalized peak shear rate (χ) on thrombus surface
plotted againstht andγb. Darker red contours represent lower,
and lighter contours higher values in shear rate.

conditions are expressed by:
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∂p
∂x

c2[1−
( z

c

)2
+4

∞

∑
k=1

(−1)k

α3
k

cosh
(αky

c

)

cosh
(

αkb
c

)×

cos
(αkz

c

)

], αk = (2k−1)
π
2
,

Q=−
4
3µ

∂p
∂x

bc3



1−
6c
b

∞

∑
k=1

tanh
(

αkb
c

)

α5
k



 .

The equations above from [14] where flow is in thex+ direc-
tion. Domain extent ranges from−b≤ y ≤ b and−c ≤ z≤ c.
On the channel walls and the thrombus analogue surface, a no
slip condition is imposed for velocity in addition to a Neumann
boundary condition for pressure.

Particle Tracking Analysis

In addition to solving the momentum and continuity equations
within an Eulerian framework, Lagrangian particles are intro-
duced as platelet analogues. As the platelets are small withre-
spect to the flow features it is presumed that the platelets are
accurately modeled by infinitesimal massless particles. The par-
ticle tracking is implemented using the technique of [5] to pre-
serve the accuracy of the spectral–element discretization. Par-
ticles are integrated forward in time using a 4th order Runge–
Kutta technique. Given the steady state flow conditions within
the domain, the Lagrangian behavior may be mapped onto
the Eulerian grid. In particular, the temporal derivative of χ
within the Lagrangian framework. To implement this the flow
is seeded throughout the domain with particles. These particles
are evolved for a short amount of time such that the temporal
derivative may be calculated with a second order accurate finite
difference scheme. The temporal derivative is then interpolated
back onto the Eulerian grid using a radial basis function inter-
polation technique within overlapping sub–domains.

Results and Analysis

Peak Shear Rate

For each of the simulations performed the flow is time–stepped
until a steady state is achieved. Subsequent to this the peak



shear rate is extracted for each case by computing the maxi-
mum across the nodal evaluation points, no interpolation was
used. This is displayed as a contour plot in figure 2. For a given
bulk shear rate, the peak shear rate is at a maximum at the min-
imum thrombus height. From this point a steady decrease in
maximum shear rate is observed as the thrombus size increases
to ht ≃ 0.5. This decrease in shear rate maximum is attributed
to the decrease in curvature as the thrombus increases in size.
The curvature decrease is the result of the thrombus maintain-
ing geometric similarity (thatht

r = 0.25). As the thrombus size
increases pastht ≃ 0.5 a gradual increase in the shear rate max-
imum is observed. This increase in shear rate maximum is at-
tributed to the occlusion of the channel as the thrombus grows
(up to 15% of cross–sectional area). Similar behavior is ob-
served over the full range of bulk shear rates. However, we
do note that a trend of increasing non–dimensionalized shear
rate (χ) is observed as shear rate increases. This increase is
non–linear. This non–linear increase occurs concurrentlywith
an ever–increasing forward–backward asymmetry as described
within [3]. This non–linear effect is more pronounced at larger
thrombus sizes. A Reynolds number based on thrombus sizes
(ReT ) is defined as

ReT =
HTŪ

ν
. (9)

This results in the range: 0.05≤ReT ≤ 22. The variation occurs
linearly with respect to bothγb andHT . The flow at the lowest
Reynolds number (ReT = 0.05) is nearly Stokesian (forward–
backward symmetry). AsReT increases, the non–linear affect
of advection becomes stronger. This noticeably affects theshear
rate maximum atReT = O(1).

The variations in peak shear rate observed are relatively sim-
ple from a fluid dynamics point of view it does, however, have
wider implications for the biology of the system. Previous stud-
ies (e.g. [12]) have completely neglected localized variations
in shear rate. Under this paradigm, the Poiseuille flow model
performs acceptably. Given that thrombus growth has been at-
tributed to shear rate ‘micro gradients’ [13] this simplistic view
of shear rate is no longer sufficient. The localized variations of
shear rate are dependent onRetherefore future studies consid-
ering thrombus development must take care to characterize the
results in terms ofγb, Re, and the geometry of the system.

Shear Rate Gradients

The shear rate gradient,
Dχ
Dt

, (10)

was calculated using the previously described method. For each
domain in which the Navier–Stokes equations were solved for,
so to was the Lagrangian shear rate gradient. The resulting gra-
dients are visualized as iso–surfaces surrounding the thrombus
analogue. The structure of these gradients are not observed
to significantly change with respect toγb. However the struc-
ture of the gradients does change with increasinght . Figure 3
shows iso–surfaces surrounding the maximum, and minimum,
of shear rate gradient. Immediately it is noted that the max-
ima, unlike shear magnitude, or gradient with respect to spatial
displacement, is located within the flow domain, rather thanat
the surface. As platelets are small with respect to the flow fea-
ture size, logically they may only experience temporal gradi-
ents. Therefore we expect shear rate gradient based behaviour
to correspond to regions of temporal gradients. This theoryis
supported byin vitro experiments where bulk temporal gradient
increased thrombus adhesion [8]. However there is insufficient
in vitro evidence to further support this theory. Despite this, in
all cases the regions of high shear rate gradient are locatedclose
to the thrombus surface. The region where platelets are consis-

(a) ht = 0.08

(b) ht = 0.35

(c) ht = 0.8

Figure 3: Iso–surfaces of shear rate gradientDχ
Dt at γb = 3000.

In each of the cases the grey translucent surface representsthe
lower wall of the channel and the thrombus. The side and upper
walls are not shown. The scale is fixed across each figure. In
each case flow within the domain is left to right across the page.
The positive (red) and negative (blue) iso–surfaces are setat the
same amplitude, approximately one half of the positive gradient
maxima.



tently flowing close to the thrombus and where platelets have
the highest density due to the process of platelet marginaliza-
tion by red blood cells [7]. The gradients observed are located
such that they support the theory of platelet adhesion triggered
by shear rate temporal gradients. Furthermore, it is noted that
lobes of maximum shear extend into the domain suggesting that
increased platelet bonding may occur throughout the flow, not
localizied in the region near the thrombus surface. This behav-
ior is seen under bothin vitro andin vivoenvironments by Nes-
bitt et al [13].

A multi–lobed structure for shear rate gradient maxima and
minima is observed within the domain. This structure is ob-
served to gain complexity as the thrombus increases in size with
respect to the channel. A ‘chequerboard’ pattern of positive and
negative gradients is observed with respect to the flow direction.
This implies that there may be multiple regions surrounding
the thrombus where shear gradient triggered platelet adhesion
is likely.

Conclusions

This numerical investiagation has explored the dynamics of
shear rate, both in an Eulerian and Lagrangian sense, surround-
ing a thrombus analogue within anin vitro environment. The
normalized shear rate (χ) is observed to change non–linearly
over the range of Reynolds numbers appropriate forin vitro ex-
periments (O(0.1) ≤ Re≤ O(10)). Additionally the maximum
shear rate a thrombus experiences was observed to dramatically
decrease with increasing thrombus size. This points to the po-
tential for stability of a thrombus with respect to shear rate de-
pendent growth similar to the stability that may be observedin
vitro and in vivo. Shear gradient, believed to be a stimulus for
thrombus growth through platelet adhesion and activation,was
observed to have a complicated structure near the thrombus.
This structure extends into the flow suggesting platelet adhe-
sion may not be localized to near the thrombus surface. Further
investigation of shear rate gradients is required, with more real-
istic thrombus shapes, to better understand the implications of
shear rate gradients onin vitro andin vivo flows. Experimental
investigations are suggested to quantify whether shear gradients
or shear is the dominant flow based criterion affecting platelet
function and thrombus growth.
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