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Crack in a homogeneous piezoelectric material bonded to a
functionally graded piezoelectric half plane
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Abstract

The problem for a crack located within a homogeneous piezoelectric material bonded to a functionally graded
piezoelectric material is studied. It is subjected both to the mechanical and electrical loads. By using the Fourier
transform and residue theorem, the problem can be reduced to a system of singular integral equations and then solved
by the Gauss—Chebyshev integration formula. The dependency of stress and electric displacement intensity factors on

the material nonhomogeneity parameter is discussed.
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1. Introduction

Functionally graded material (FGM) is the material
with continuously varying properties such as stiffness. It
can efficiently remove the sharp change on the interface
between two distinct materials and then reduce the
interface failure possibility. The studies on the func-
tionally graded elastic material become gradually
mature. Typical papers include Delale et al. [1], Erdogan
[2], Erdogan et al. [3], etc.

Piezoelectric materials have been widely used in elec-
tromechanical devices. Owing to the brittle properties of
piezoelectric ceramics, it faces the similar problems that
ever occurred in elastic ones. Recently, many researchers
are interested in the application of piezoelectric material
with continuously varying material properties [4,5].
They are called functionally graded piezoelectric mate-
rial (FGPM). Li and Weng [6] first applied the concept
of fracture mechanics on a finite crack in a strip of
functionally graded piezoelectric material. Wang [7]
solved the antiplane crack and collinear crack problems
in FGPM. Ueda [8] obtained the solutions for a crack in
FGPM strip bonded to two elastic surface layers.

In this paper, one FGPM bonded to a homogeneous
piezoelectric half plane with an internal crack is studied.
The material properties are supposed to be in
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exponential form and vary in the direction normal to the
crack line. The problem can be reduced into a system of
singular integral equations after applying the Fourier
transform and solved numerically by using the Gauss—
Chebyshev integration technique. The stress and electric
displacement intensity factors are then obtained from
the near electro-mechanical field solution.

2. Description of the problem

Consider a crack of length 2a, embedded in a
homogeneous half plane bonded to a FGPM, as shown
in Fig. 1. Assuming that z-axis is the poling direction,
the antiplane mechanical field and inplane electrical field
are coupled. The constitutive equations can be written
as:

I _ 1 Vi I __ 1 I
T = caaw;teisd, Dy =eisw; —end; (1a)

for material I, and
T;Z’ = 044(,x)1v{,1+e15(x)¢f/1, D/” = e|5(x)n{/.[ —en(x)o!

J

(1b)

for material II. In Eq. (1), 7., w, D;, and ¢ (j = x, y) are
the shear stresses, antiplane displacement, inplane elec-
tric displacements and electric potential, respectively.
The material constants cqq(x), e;s(x), e;1(x) called the
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shear modulus, piezoelectric constant and dielectric
constants, respectively, are assumed to vary along the x-
direction (normal to the crack line) as:

caa(x) = casexp(7x), e15(x) = ersexp(7x),
en(x)=epexp(yx) forx <0 (2)

where ~ is called nonhomogeneous parameter. The
constants cyy, €15, and ¢ are the material properties of
homogeneous material. The equilibrium equations can
thus be written as:

caa V2wl + e;sV2¢h =0 (3)
e1s V2wl — 511V2¢[ =0

cas V2wl + o5 V2l + v(mm’i + 815¢K) =0

(3b)
e1sV2wil — g V2ol + 7(315‘/"{; - 811¢{£) =0

The solution of Eq. (3) can be expressed as [2]:
{ w(x,y) = 2 [ fi(a, p)e
¢(x,y) =5 [ far(a,p)e

2f0 g12(x, @) sin(ay)da

“0¥da +2 [ g1y (x, ) sin(ay)da
e~ X oy + %fooc 21 (x, (1) Sin(ay)da
(4a)

wi(x,y)
(4b)

¢"(x,y) =2 [[7 gaa(x, a) sin(ay)da

y

A

\
\\y<0

~

So C44, €15, €11

caa(x), ers5(x), 511(3‘2’

Y—>’0¢ Pig 2ay

O

Fig. 1. A crack in a homogeneous piezoelectric material bon-
ded to a functionally graded piezoelectric half plane.

In this paper, both impermeable and permeable crack
conditions are considered. It is assumed that both the
traction and electric displacement are exerted on the
crack surface. Only the upper half plane (y > 0) is
considered due to the symmetry of the problem. To
satisfy the regularity conditions, both w and ¢ must

disappear when x and y approach infinite. The unde-
termined functions are:

Sir(a,y) = 4i(a) exp(—ay)
Pa(eey) = Bi(a) exp(—ay) (s
g (x,a) = C(a) exp(—ax)
221 (x,a) = Di(a) exp(—ax)
y+4/72+4a? X
gi2(x, ) = E>(«) exp (f ) sb)

_ ,\/,2 402
g2(x,a) = Fr(a) exp (%\)

where A4y(a), Bi(a), Ci(a), Di(a), Exa) and Fy(a)
depend on the following boundary conditions:

wl(0,) = w(0,y) (6a)
¢'(0,y) = ¢"(0,) (6b)

7:(0,) = 7(0,y) (6¢)
DY(0,7) = DY(0,y) (6d)
wl(x,0)=0 for0< x<aandbh < x < oo (6e)
#'(x,0) =0 for0 < x <aand b < x < o0 (6f)
w(x,0) =0 for — oo < x <0 (6g)
#"(x,0) =0for —co <x <0 (6h)

(1) impermeable crack
7h(x,0) =7(x) fora<x<b (7a)
D;(x7 0)=D(x) fora<x<b (7b)

(ii) permeable crack

T;_.(X, 0)=7(x) fora<x<b (8a)
#'(x,0)=0 fora<x<h (8b)
D;(x, 0) =D.(x,0)=D(x) fora<x< b (8¢c)

3. Analysis method

After applying the boundary conditions Egs. (6a)—
(6d) and then taking Fourier inverse transform, four
unknown functions can be expressed by the remaining
two functions 4;(«) and B;(«) as:

Ex(@) = Ci(a) =3 [ (%) i) A1 (p)dp

Fa(e) = Di(e) = & w(ﬁ)(p)B( )dp
caa(sEa(a) +aC1 )) +eis(sFa(a) + aDi(a))

Eﬂl' 00 (v2+/)2 lp) |:C44A1 +eISBl( ):| dp
eis(sEx (o )+aC1(a) —en(sk(a) + aDi (o))
=% :cc azw ){ 615A1(0)+61131(P)]dp

)
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where s = o, —y/2 and ap = \/;2—_,_—72—/;

3.1. Impermeable crack

We can define two dislocation functions g;(x) and
g2(x) as:

gi(x) = (%Wl (x,0) (10a)
2(x) = (%aﬁl(x, 0) (10b)

They must satisfy the following equations to validate
Eqgs. (6e) and (6f):

b b
/gl(t)dtz/ g(0)dt=0 (11)

The two remaining unknown functions can be solved as:

. b
Al(a):é / g1(t)e™dr

i. ah (12)
Bi(a) :E/ 2 (1)e™ dt

Substituting Eq. (4a) into Egs. (10a) and (10b) and using
the residue theorem, the four undetermined functions
can thus be solved:

‘ — o b

Cile) = Bae) = 5 [ (e (13)
o) [t

Di(a) = F(a) = M/ & (e dt (14)

Therefore, Eqs. (7a) and (7b) can be rearranged as
follows:

b
T}I,:(x, 0) =7(x) = 044%/ {kl (x, 1) + ko (x, t)} g1(t)dt

br -
+(315%/ kl(x,t)+k2(x,t) gz(l)dl (15)
b
D.{,(x, 0) =D(x) = 615%/ {kl (x,1) + ka(x, t)}g. (t)dr
b a _
—€11 %/ ki(x, 1) + ka(x, 1) | g2(2)dt (16)

Rewrite the singular form of the kernels k;(x,?), Egs.
(15) and (16) become:

7.(x,0) = 7(x) = Co%/ab {%+k2(x f):|g1( )dt

+ eo%/ab L_]—x—l—kz(x, t)]gz(t)dt (17)

b
D!(x,0) = D(x) = eo% L_L + ks (x, t)] (1)t
1

- 50%.[7 {—x—i-kz(x, t)}gz(t)dt (18)

The solutions of the singular integral equation with the
Cauchy-type kernel have the form as:

Gi([)
(t—a)(b—1)’

where G(f) are bounded functions. The stress and elec-
tric displacement intensity factors can be derived as:

gi(t) = i=1,2 (19)

k3 (b) = lim 2(x — b)7..(x,0)
T gl_(bj) no (fi(l% 7 (@0)
ks(a) = lim /2(a —x)7).(x,0)
- .
K2(b) = lim /2(x — B)D)(x,0)
SR A -
= lim V2(a = x)Dj}(x,0)
e (i—( TRV e .

By employing the Gauss—Chebyshev integration for-
mula, Eqgs. (10), (17) and (18) can be reduced into the
following 2n linear algebraic equations:

T(X,) = Caa Z ”Fl(lk) [t/ T + mka(apx, + ¢, apty + ¢ ]
)

+eis Z 1P (1) [u — + mha(aox, + ¢, aoti + ¢ ]

kl

D(\r) =e5 Z Fl(tk) [11 < + 7rk2(aox, + c,apty + ]
)

— Z ZF2(I’<)[zA -+ mka(apx, + ¢, apty + ¢ ]
k=1

(24)
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where #, = cos(2k— V)n/2n,k = 1,2,...,n; x, = cosrm/n,
r = 1,2, ...,n—1 are the nodes that satisfy Chebyshev
polynomial of the first and second kind respectively.
Then the intensity factors can be expressed as different
forms as follows:

ky(b) = —caJasFi (1) — ersy/aoFa(1) (25)
ks(a) = caan/aoFi(=1) + ejsy/agF>(—1) (26)
K2(b) = —eisv/aoFi(1) + e11+/apFa(1) (27)
k3 (a) = ersv/aoFi(=1) — eny/aoF(—1) (28)

Here the unknown values of F(1) and F(-1), (i = 1,2)
can be obtained from the quadratic extrapolation from
Fin—1), F(n=2), F(n=3) and F{(2), F{(3), F{4),
respectively. It can be seen that the intensity factors
depend on the mechanical loads and the electric loads.

3.2. Permeable crack

Only function g;(x) must be defined due to the con-
dition (8b). The corresponding stress and electric
displacement can be expressed as:

f‘{_(x, 0) =7(x) = c‘o%/ab {L—kkz(x, t)]gl(t)dt

t—x

(29)

D;,(x7 0) =D(x) = eoi/ab { + ko (x, I)}gl(t)dt

[

(30)

Therefore the stress and electric displacement intensity
factors are:

k3(b) = —caar/aoFi (1) (31)
ks (@) = cann/a@Fy(~1) (32)
kD (b) = —eis/agFi(1) (33)
k3 (a) = es/aoFi(—1) (34)

It can be seen that the intensity factors depend only on
the mechanical loads.

4. Results and discussions

In the following discussions we take PZT-4 as the base
material. The material properties are such as ¢4 = 25.6
GPa, e;s = 12.7 C/m? and ¢;; = 6.46 x 107° C/Vm.
The stress and electric displacement intensity factors are
normalized as:

W 4k (35)

In Eq. (24), we use 79 = 4.2 MPa and D, = 0.002
C/m? as the uniform shear stress and electric displace-
ment applied on the crack surfaces. Figure 2 plots the
variations of normalized intensity factors with non-
homogeneous parameter « of material II when ¢y = 2/3
cm. For the case v > 0, the material properties of
material II are weaker than those of the homogeneous
material I. It is expected that the intensity factors at
crack tip a are greater than those at crack tip b. For the
homogeneous case (i.e. v = 0), the problem becomes an
infinite piezoelectric medium containing a crack. The
normalized intensity factors should be equal to unity, i.e.
k., = k; = 1. For the case when v < 0, the material
properties of material II are stronger and the intensity
factors at crack tip b become larger. The magnitudes of
the factors at crack tips @ and b will gradually approach
same values when the crack is far away from the inter-
face. For the limiting case v — oo, the problem is
reduced to a crack approaching a traction-free and
electrical-opened boundary surface. The corresponding
kernel becomes:

ko(x,t) = 36
(v.1) = —— (36)
1.04 —
T --%--kac/a0=15 @
1.03 — —<——Kkpc/ad =1.5 @/’
_ - =fFl=-=kac/a0=3 P 4
—+=—kbc/ad =3 2

--©--Kac/a0=6
——c——kpc/al =6

Normalized Intensity Factors kg, kb

-1 -0.5 0 0.5 1
Normalized Nonhomogeneous Parameter (yag)

Fig. 2. Variations of normalized intensity factors with ~ at
different crack locations.

For the other limiting case v — —oo the interface
becomes a clamped and electrical closed surface. The
corresponding kernel is:

-1

Ky (x, 1) ==

(37)
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The results of Egs. (36) and (37) can be found in
previous studies.

5. Conclusions

The fracture behavior of an internal crack in a
homogeneous material bonded to a functionally graded
piezoelectric half plane has been studied. Both
impermeable and permeable cases are considered. The
results show that the normalized intensity factors are
greater at the crack tip where the material properties are
relatively stronger. Also, the stress and electric dis-
placement intensity factors depend on the applied
mechanical and electric loads for an impermeable crack
and depend only on the mechanical loads for a perme-
able crack.
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