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Abstract

With the ultimate goal of eliminating a long history of issues that have plagued the structural mechanics community
such as the locking phenomenon, we analyze a family of discontinuous Galerkin methods for the Timoshenko beam
problem. We prove that the rate of convergence in the energy seminorm is p + 1/2 when polynomials of degree p are
employed to approximate the unknowns. The estimate is sharp and independent of the thickness-to-length ratio of the
beam, which shows that the method is free from shear locking.
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1. Introduction

In this paper, we introduce and numerically study
discontinuous Galerkin (DG) methods for Timoshenko
beams. The Timoshenko beam model, see [1], can be
written as: find w(x), 6(x), M(x) and T (x) satisfying

w(x) =0(x) — d*T(x), &(x)=M(x),

M(x) = T(x), T(x)=q() (1)
for all x € = (0, 1) and satisfying the boundary
conditions
w(0)=wo w(l)=w; 6(0)=06, 6(1) =86 (2)

Here, the unknowns are the transverse displacement w,
the rotation of the transverse cross-section of the beam
0, the bending moment M, and the shear force 7. The
parameter d is proportional to the thickness-to-length
ratio of the beam, therefore we assume without loss of
generality that 0 < d < 1. We are particularly interested
in the case where d < 1, because for thin beams the
construction of finite element approximation is delicate.
Arnold [2] analyzed the continuous version of the finite
element method and proved that if no modifications are
made then the method exhibits locking. By using the so-
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called reduced integration technique, he was able to
prove locking-free error estimates.

In the present, study we prove and numerically verify
that a wide class of DG methods overcomes locking. It is
worthwhile to point out that the / version is free from
locking even if all the unknowns are approximated by
piecewise constant functions. The main reason why these
methods are free from locking is the extra flexibility of
the approximating functions provided by their dis-
continuous nature.

2. The DG method and the main result

Let T = {I; = (x;_1, X)), j = 1, ..., N} be a trian-
gulation of the computational domain 2 = (0,1). Then,
we write

N
(6 0)a, = > (9, ), where (5,1), = /[ P(X)p(x) d
j=1 i
3)

and = U=t,-.onlj.  We also  write
(R, [en])g:= "Ny R(x;) [n](x;). Here, R is a function
defined on the set of nodes &, := {xp, x1,..., xy}. The
Jump of the function ¢, [pn], is defined as follows. If the
node e is in, &) := {x;,x2,...,xn_7} 1= {x1, X2,...,
Xny—1}, then we take [en](e) = p(e)nf + (e )n,,
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where p(e™) : = lim. o (e — ent) and n¥ = F1. For the
boundary nodes, we take [[gpn}]( ) =—p(01),
[en](1) = ¢(17). We denote by H® (£2;), the Sobolev
spaces of integer orders, and by ||-||s.q, the usual broken
norm in H*(Q2,).

Following [3], the approximate solution (7},, M, 6,,
wy,) given by the DG method will be sought in the finite
dimensional space [7]* where V2 := {v: Q;, — R: v|I; €
P'(I),j = 1,..., N}, and P’ (K) is the set of all poly-
nomials on K of degree not exceeding p. The
approximate solution is determined by requiring

(g, + i Dnnl)g, = (O, v1)g, — (T vi)g,
—(0n, ) g < [[Vzn]]>5 = (M, v2)q, (4)
—(My, Vg, + <M/,7 [[V3n]]> = (Th, v3)g,

—(Ty, ")) q T T, [vm]]> = (q,74)q,

hold for all v; € Vﬁ fori = 1, 2, 3, 4. To complete the
definition of the method, we have to define the numer-
ical traces (T/”A;I;,,é/,,w;,) at the nodes. It is through
them that the interaction between the degrees of free-
dom of different intervals is introduced and the
boundary conditions are actually imposed. Moreover,
their choice is crucial as it affects both the stability and
the accuracy of the method. We assume that the form of
these traces is as follows. For an interior node e € £, we
take

wi = {win} + Cri[win] + Ci2[0nn] + Ci3[Myn]+

Ciu[Tyn]

6y, = {0n} + Car[wan] + Ca2[0in] + Cos[Myn]+
Cu[T)n] (5)

My =M} + Csi[win] + C32[0hn] + C33[Myn]+
Cs34[Tyn]

Ty = L1} + Ca[win] + Ca04n] + Cas[Myn]+
Caa[T)n]

where {o}H(¢) =

1, we take

%(‘P(eﬂ +(e7)). Atx = 0and x =

wi(0) = wo
04(0) = 9 (6)
M(0) = My(0%)  + C51(0) (wo — wi(07))+
C3(0) (6o — 04(07))
T4(0) = Th(0")  + Car(0) (wo — wi(0%))+
C12(0) (60 — 04(07))

Wwi(1) = wy

(1) =
Mh(l) Mh( 7) + (1) (wa(17) = wi) + Cx(1)
(0n(17) — 61)
Ty(1) = Tu(17)  + Car(1) (wa(17) —wi)+
Ca(1) (64(17) = 61)
The definition of the DG method is now complete. One
can prove that [4] if
Cy = Cg3, — Cpy = C33, Coy = Cy3, C31 = Cy,
Cyy=Cpp, —Ci1=Cys (7)
Clgy —C320;  —Cx, C41 >0 (8)
then the method has a unique solution.

We define what we call the energy seminorm in which
we measure the error of the approximation:

|(€017<P27<P37<P4)\i1,,= o2 llg+lp11lo+©jumps )
where
Ojumps = Z (Cualern]’ — Coslpan]® — Cxalipan]*+
ek,
Calpan]?) (e) (10)

Let us state our error estimate.

Theorem 2.1. Let g € H*(Y,) and let (T, M, 0, w) € H* ™!
() x H2(Qy) x HST3(Qy) x HSY2(SY,) be the solution
of Eqs. (1) and (2). Suppose that the coefficients Cj
satisfy Eqs. (7) and (8). Suppose further that Ci4, Cs3,
C32, C4| are 0(1)

Let (Ty,Mp,0n,wy) € [VE]4 be the approximate DG
solution. Then the following error estimate holds

h min(p,s)+

1/2
max{1,p} 12 <H lls3.2, W52, Q,,>

(11)

(e, enr, ‘397511*)|A/,§ ¢

for some constant C independent of d, h and p.
Proof. See [3].

Since the constant C is independent of the parameter
d, the method is locking-free. There is a positive order of
convergence even for piecewise constant approxima-
tions. The estimate in the A;-seminorm is sharp for the
h-version of the method because they are actually
achieved in our numerical experiments.

3. A numerical experiment

In this section we display some numerical results
verifying our theoretical findings. We solve Eq. (1) with
q(x) = sin mx and wy = w; = 0y = 6; = 0. Numerical



144 F. Celiker et al. | Third MIT Conference on Computational Fluid and Solid Mechanics

traces are defined by setting Ciy(x) —Cy(x) =
—C3y(x) = Cyy(x) = 1 for all x € &, and the remaining
Cy's are zero at all nodes of the mesh. We display
numerical results for ¢ = 107! through d = 1075, In
Table 1 we present the convergence rates of the / version
of the the method in the energy seminorm of the error
le|s,. The first column shows the polynomial degree p
used for approximating all the variables. The second
column represents the mesh number, where mesh = i
means we used a uniform mesh with 2’ elements in our
approximation. The remaining columns indicate the
convergence rates for the corresponding error in the
energy seminorm. Since the convergence rates are iden-
tical for all values of d we deduce that the performance
of the method is independent of this parameter, as was
proved in Theorem 2.1. From Table 1 we see that the
error estimate proved in Theorem 2.1 is sharp in the
energy seminorm.

4. Conclusion

We devised and studied, both theoretically and
numerically, a family of DG methods for the Timosh-
enko beam problem. The method converges to a unique
solution even when piecewise constant approximation
functions are employed for all the unknowns. Locking-
free a priori Ap error estimates are proved in the energy
seminorm. This estimate is sharp for the family of
methods we took into consideration. The error estimate
holds independent of the parameter d, which is pro-
portional to the thickness-to-length ratio of the beam.
We displayed numerical results for a wide range of this
parameter, 1078 < d < 107", The robustness of these
results verify that the method is free from locking effects
as predicted by Theorem 2.1.

Acknowledgment
This work is funded in part by the Army High Per-

formance Computing Research Center (AHPCRC)
under contract DAADI19-01-2004. The content does

Table 1
Convergence rates for the energy seminorm of the error
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