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ABSTRACT 

The tlae-dependent heat transfer process in the region of a turbulent 
separation bubble at the leading edge of an isothermal square leading 
edge plate Is modelled numerically. A dlscrete-vortex model is used to 
deteruf lne the  v e l o c i t y  f i e l d  and a t h l r d - o r d e r  up~rlnd d i f f e r e n c i n g  
t e c h n i q u e  i s  used to  c a l c u l a t e  the thermal  f l e l d .  The p r e d i c t i o n  of  
the  mean Nusse l t  numbers i s  compared wi th  e x p e r i m e n t .  The model 
p r e d i c t s  the i n s t a n t a n e o u s  s t r e a m l i n e s ,  i s o t h e r m s  and l o c a l  N usse l t  
numbers a t  the  p l a t e  s u r f a c e .  The i n f l u e n c e  of  the  l a r g e - s c a l e  v o r t e x  
s t r u c t u r e s  on the  l o c a l  hea t  t r a n s f e r  i s  de t e rmined .  

Introduction 

Heat transfer in separated, reattached and redeveloped flow regions is 

important in many engineering sltuatlons. There has been a large number of 

i n v e s t i g a t i o n s  c a r r i e d  out on such f lows f o r  a wide v a r i e t y  of b l u f f  b o d i e s .  

These i n c l u d e  c l r e u l a r  c y l l n d e r s  ( e . g .  Morgan [ I ] ) ,  forward and backward 

f a c i n g  s t eps  ( e . g .  Gooray e t  a l .  [ 2 ] ) ,  s u r f a c e  roughness  e l emen t s  and abrupt  

expans ions  or  c o n t r a c t i o n s  in  tubes  ( e . g .  Sparrow and O ' Br l en  [ 3 ] ) .  In r e c e n t  

y e a r s ,  a number of e x p e r i m e n t a l  s t u d i e s  have been under taken  to  de te rmine  the  

mean thermal  c h a r a c t e r i s t i c s  of  such f lows around b lun t  f l a t  p l a t e s  which are  

heated (Ota and Kon [4], Zelenka and Loehrke [5], Cooper et al. [6], 

MacCormlek et al. [7], Motwanl et al. [8]). These measurements show that the 

tlme-mean heat transfer is augmented when the flow is made to separate and 

reattach. The heat transfer characteristics along the plate surface vary 

significantly; a local minimum in the Nusselt number is found inside the 

separation bubble and a local maximum near reattachment. 
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Recently, mechan~sm~ Jnvolvlng l a r g e - s c a ] e  v o r t e x  structures have been 

proposed to explain the enhanced heat transfer near the polnt of t~me--mean 

reattachment (e.g. K~ya and Sasakl [9]). A determination of the mechanJsms 

leading to the var~atlon of the heat transfer ~n different regions of the flow 

requires evaluatlon of the instantaneous flow. In this paper, an economical 

numer i ca l  w t h o d  f o r  I n v a s t l g a t l n g  the  i n f l u e n c e  on the  hea t  t r a n s f e r  r a t e  of  

the  t u r b u l e n t  s t r u c t u r e s  formed in  s e p a r a t e d  h igh  Reynolds number f lows i s  

p r e s e n t e d .  A d l s c r e t e - v o r t e x  model i s  used to p r e d i c t  the h igh  Reynolds number 

f low and a f l n l t e - d l f f e r e n c e  scheme i s  used to  so lve  the  energy  e q u a t i o n .  For 

economy of computa t ion ,  the s o l u t l o n  ob t a ined  i s  r e s t r i c t e d  he re  to  moderate  

P e c l e t  numbers. However, as the f low of energy  i s  s t i l l  doa lna t ed  by 

c o n v e c t i o n  p r o c e s s e s ,  v a l u a b l e  i n s i g h t s  i n t o  the  mechanisms l e a d i n g  to  hea t  

t r a n s f e r  augmenta t lon  a re  found to  emerge from t h i s  type of approach.  

Numerlca] Model 

The f low c o n s i d e r e d  i s  t h a t  pas t  a r i g i d ,  t w o - d l m e n s l o n a l ,  s e t / - I n f l n l t e  

hea ted  f l a t  p l a t e ,  which I s  e l l g n e d  w/ th  a square  l e a d i n g  edge normal t o  the  

f l ow .  The f low ups t ream i s  t aken  to  be of  uniform v e l o c i t y  and tmmperature .  

The f l u i d  i s  assumed to  he I n v l s c l d ,  I n c o m p r e s s l b l e  and i r r o t a t l o n a l  e v e r y -  

where excep t  a t  p o i n t s  where s l a p l e  I n v l s c l d  l l n e  v o r t i c e s  a re  l o c a t e d .  These 

v o r t i c e s  a l low r e p r e s e n t a t i o n  of the  l a r g e r  s c a l e  f low s t r u c t u r e s .  A t t e n t i o n  

i s  focussed  on the shea r  l a y e r  s e p a r a t i n g  from the top l e a d i n g  edge c o r n e r .  

The v o r t l c l t y  g e n e r a t e d  at  the  lower l e a d i n g  edge co rne r  i s  assumed to  have 

n e g l i g i b l e  e f f e c t  on the  shear  l a y e r  a t  the top of the p l a t e .  

V o r t l c l t  7 E~uat lon :  D i s c r e t e - v o r t e x  model 

The cont inuous  s h e e t  of  v o r t i c i t y  e n t e r i n g  the f low from the  l e a d i n g  edge 

of  the  p l a t e  i s  approximated  by a d i s t r i b u t i o n  of  l i n e  v o r t i c e s .  The motion of  

each v o r t e x  i s  de te rmined  th rough  the  c o n t r i b u t i o n s  from the  i r r o t a t t o n e l  

f i e l d ,  both the s t eady  and f l u c t u a t i n g  components,  and from the v o r t i c i t y  

f i e l d  due to  o the r  l i n e  v o r t i c e s .  In o rder  to  s a t i s f y  the  cond tc ton  of  ze ro  

f low a c r o s s  the s o l i d  p l a t e  boundary,  the  f o l l o w i n g  S c h w a r z - C h r i s t o f f e l  con-  

formal  t r a n s f o r m a t i o n  i s  used to  l o c a t e  image v o r t i c e s :  

z = ().(~2 - 1) 1/2 - a rcosh  (A)) 21t/s + iH • 



VOl. 13, No. 6 SEP~A~D~FI/3WGNAPLATE 667 

This t r a n s f o r m a t i o n  Naps the f low around a s e m J - t n f t n t t e  p l a t e  ( z - p l a n e )  

~nto the f low bounded by the  rea3 a x i s  ( ~ - p ] a n e ) .  The Jmnge v o r t i c e s  are  

p laced  s t  c o n j u g a t e  p o s i t i o n s  to  the v o r t i c e s  in  the upper h a l f  of the ~-plane 

t o  s a t i s f y  the  boundary c o n d i t i o n  of  ze ro  norua l  f low.  The a d v e c t i o n  of the  

v o r t i c e s  f o l l o w s  c l o s e l y  the scheme used by l~ya  e t  81. [10] .  The i n t r o d u c t i o n  

o f  v o r t l c l t y  s t  the  l e a d l n g  edge c o r n e r  end d e t e r n l n a t l o n  o f  i t s  s t r e n g t h  i s  

based on the  scheme used by Nagano e t  e l .  [ I I ] .  

An impor t an t  i n n o v a t i o n  i n  the  p r e s e n t  scheme i s  the r e c o g n i t i o n  of the  

mechanism l e a d l n g  to  the  g e n e r a t i o n  of  v o r t l c l t y  and of  t h a t  r e s p o n s l b l e  f o r  

a n n l h i l a t l o n  of  v o r t l c l t y  i n  the  f low.  That i s ,  i n  a homogeneous f l u l d ,  v o r t -  

I c l t y  i s  g e n e r a t e d  a t  a boundary and I t s  r a t e  of  g e n e r a t i o n  i s  p r o p o r t l o n a l  to  

t he  t a n g e n t i a l  s u r f a c e  p r e s s u r e  g r a d i e n t .  The p re sence  of  v i s c o s i t y  l eads  to  a 

n e t  f l u x  of  v o r t l c l t y  i n t o  the f l u l d  a t  the  same r a t e  (Morton [12 ] ) .  In the 

p r e s e n t  model,  the  amount of v o r t l c l t y  shed I n t o  the f low a long the p l a t e  i s  

a d j u s t e d  to  be c o n s i s t e n t  ~ t t h  the  p r e s s u r e  drop a long  i t s  s u r f a c e ,  which in  

t u r n  i s  I n f l u e n c e d  by p r e v l o u s l y  i n t r o d u c e d  v o r t l c l t y .  For long p l a t e s ,  the  

d i f f e r e n c e  i n  the  n o n a a l l z e d  p r e s s u r e  c o e f f i c i e n t  a t  the  c e n t e r  of  the  l e a d l n g  

edge and t h a t  downstream of r e a t t a c h a e n t  i s  found to  be a p p r o x l a a t e l y  u n i t y ,  

both  e x p e r l n e n t a l l y  ( e . g .  I t i l l l e r  and Cherry [13])  and by the  p r e s e n t  model.  

The scheme used he re  i s  to  reduce  the s t r e n g t h s  of  v o r t i c e s  r e c l r c u l a t l n g  

ups t ream of t lme-~ean  r ea t t a chmen t  by a f i x e d  f r a c t i o n  each t l m e - s t e p ;  t h i s  

f r a c t i o n  18 de te rmlned  by running  the  code and I t e r a t l v e l y  a d j u s t i n g  the  

f r a c t l o n a l  va lue  u n t l l  the  ne t  v o r t l c l t y  g e n e r a t i o n  r a t e  i s  c o n s i s t e n t  to  

w i t h i n  one pe r cen t  of  the  t lme-mean p r e s s u r e  drop a long  the  p l a t e  s u r f a c e .  

Energy Equat ion  : F i u l t e - d l f f e r e n c e  approx lma t lon  

The energy  e q u a t i o n  to  be so lved  i s  g iven  by 

- I  
~T/~T + (u_.grad) T = Pe d l v  (grad T) . 

The v e l o c i t y  u 18 d e t e r a l n e d  a t  each s t e p  by the  d l s c r e t e - v o r t e x  scheme, 

u s i n g  a d i s c r e t e  approx imat ion  to  the  B i o t - S a v a r t  I n t e g r a l .  
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The energy equation is solved using QUICKEST (Leonard []4]). Th~s explicit 

scheme uses third order upstream differencing for the advectlon term~ and 

Jnc]udes an estimation for the truncated time difference terms in a slmJ]ar 

manner to Lelth's method [15]. The method approaches thlrd order accuracy lu 

both time and space as the Peclet number approaches Jnflnlty (for a constant 

flow velocity). 

GRID AND BOUNDARY CONDITIONS 

51x31  GRIDPOINTS 

T=T0 

7-- 
4H T=T 0 dT ~xx= o 

T:T1 

t 20 H - - I  

FIG.  I 
Q u a d r a t l c a l l y  c o m p r e s s e d  mesh u s e d  f o r  f l n l t e - d l f f e r e n c e  s c h e m e ,  

w l t h  b o u n d a r y  c o n d l t l o n 8  marked  

To a c c o m o d a t e  t h e  h i g h e r  t e m p e r a t u r e  g r a d i e n t s  n e a r  t h e  p l a t e  s u r f a c e ,  a 

q u a d r a t i c  t r a n s f o r m a t i o n  f o r  t h e  v e r t i c a l  c o o r d i n a t e  i s  a d o p t e d ;  a c o m p r e s s i o n  

f a c t o r  of  t e n  i s  u s e d  h e r e .  The mesh and b o u n d a r y  c o n d i t i o n s  a r e  shown i n  

F i g u r e  1. For  t h e  p r e s e n t  c a l c u l a t i o n s  t h e  mesh u s e d  i s  51 x 31.  The t i m e  s t e p  

f o r  b o t h  t h e  d i s c r e t e - v o r t e x  me thod  and t h e  f i n i t e - d i f f e r e n c e  scheme i s  0 . 0 5  

( 2 H / V ) .  The P e c l e t  number  u s e d  i s  Pe = 40 .  The n u m e r i c a l  code was r u n  on a 

Cyber  205 c o m p u t e r .  The ( v e c t o r i z e d )  code  t a k e s  a p p r o x i m a t e l y  350 s e c o n d s  of  

CPU t i m e  p e r  1000 t i m e s t e p s .  
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FIG.  2 
P r e d i c t e d  and  o b s e r v e d  ( C oope r  e t  a l .  [ 6 ] )  t i m e - m e a n  l o c a l  

N u s s e l t  num be r s  a l o n g  t h e  p l a t e  s u r f a c e  

R e s u l t s  and  D i s c u s s i o n  

The t l a e - ~ e a n  l l u s s e l t  n u m b e r s  a t  t h e  p l a t e  s u r f a c e  a r e  shown i n  F i g u r e  2 .  

The N u s s e l t  numbers  a r e  n o r m a l i z e d  t o  t h e  maximum v a l u e  o c c u r r i n g  n e a r  r e -  

a t t a c h m e n t .  The N u s s e l t  number  i s  a t  a l o c a l  minimum i n  t h e  s e p a r a t i o n  b u b b l e  

and  a l o c a l  maximum n e a r  r e a t t a c h m e n t ;  t h e  p r e d i c t e d  t l m e - m e a n  r e a t t a c h m e n t  

l e n g t h  x R b e i n g  9 .3H.  The l o c a l  N u s s e l t  number  d e c r e a s e s  m o n o t o n i c a l l y  i n  t h e  

d i r e c t i o n  d o w n s t r e a m  o f  r e a t t a c h m e n t .  Fo r  c o m p a r i s o n ,  t h e  n o r m a l i z e d  l o c a l  

N u s s e l t  number s  m e a s u r e d  by Coope r  e t  a l .  [6]  a r e  shown.  A l t h o u g h  t h e  a b s o l u t e  

v a l u e s  o f  t h e  N u s s e l t  num be r s  a r e  l o w e r  (due  t o  t h e  u se  o f  a l o w e r  P e c l e t  

n u m b e r ) ,  t h e  n o r m a l i z e d  N u s s e l t  num be r s  a r e  f o u n d  t o  be i n  good a g r e e m e n t  w i t h  

t h e  e x p e r i m e n t a l  r e s u l t s .  
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A t y p i c a l  t ime t r a c e  of the po in t  of s t r e a m ] i n e  r ea t t achmen t  Js shown ~n 

F igu re  3. I t  i s  seen t h a t  in  g e n e r a l  the bubble s t e a d i l y  grows Jn l eng th  u n t i l  

a new r e a t t s c h m e n t  po in t  forms upstream and the bubble Js  d i s c o n t i n u o u s l y  

s h o r t e n e d .  This r e s u l t  l s  c o n s i s t e n t  v l t h  the m x p e r l n e n t s l  f i n d l n g s  of Y~lya 

and SasakJ [9] ;  t h e s e  showed the c o n t i n u a l  fo rma t ion  of  new poJn t s  of zero  

v m l o c l t y  ups t rmss  of  the  po in t  o f  mean res t t achmsmt  as l a r s m - s c a l e  s t r u c t u r e s  

were r e l e a s e d  from the  s e p a r a t i o n  bubble .  
20 - 

X 1 5 -  

| °'[ 
0 I ,l l 
0.0 2S.0 

T IME 7 

F IG .  3 
P r e d i c t e d  t i sm t r a c e  of  the  r e a t t a c l m e n t  l e n g t h  f o r  t he  f low node l  

A t l s m - e v e r a s e d  measure of  the  i n t e n s i t y  of  t r a n s p o r t  of  the rmal  energy  In  

t he  v e r t l c a l  d i r e c t i o n  due t o  v o r t i c e s  In the  f low i s  the  v e r t l c a l  thermal  

eddy d l f f u s l v l t y  Dr. M~Ich i n d i c a t e s  the c o r r e l a t i o n  between v e r t l c a l  v e l o c i t y  

f l u c t u a t i o n s  and t u s p e r a t u r e  f l u c t u a t i o n s .  Thls  I s  p l o t t e d  In  F igure  4. The 

p o s i t i o n  of  muctmm d £ f f n s t v i t y  i n  the  chordsdse  d i r e c t i o n  a l o q  the  p l a t e  18 

found In the ne l shborhood  of  the  position of ans l sma Nusns l t  number downstream 

of  the  l e a d i n g  edl~e. This  r e s u l t  s u g s e s t s  t h a t  the augmenta t lon  of  hea t  t r a n s -  

f e r  r e s u l t s  from v o r t e x  a c t i o n  In  moving warm f l u i d  away from the s u r f a c e  and 

c o o l  f l u l d  towards the  hea ted  p l a t e .  
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FIG. 4 

PredLcted contours of the vertlcal thermal eddy dlffusivlty D v 

(b) 

_z~ 
0 I I , I 

O 10 20 
x 
H 

F'rG. 5 
P r ed i c t ed  snapsho t s  of (a)  I n s t a n t a n e o u s  v o r t e x  p o s l t l o n s  and i so therms  and 

(b)  I n s t a n t a n e o u s  l o c a I  Nusse l t  number p r o f i l e  
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More ~mportantly, from the point of v~ew of understanding the mechanisms 

leading to the augmented heat transfer when the flow Is made to separate and 

reattsch, are the predJctlons of tlme-dependent quantities. Character~stle 

instantaneous isotherms together with the vortex positions and Nusselt numbers 

are shown in Figure 5. The influence of the large-scale vortex structures on 

tha  l o c a l  hea t  t r a n s f e r  r a t e  i s  a p p a r e n t .  A l o c a l  peak in  the  Nusse l t  number 

i s  found from t h i s  snapsho t ,  and o t h e r s  not  shown, to  be a s s o c i a t e d  wl th  each 

l a r g e - s c a l e  s t r u c t u r e .  This i s  i n t e r p r e t e d  as the a c t i o n  of these  s t r u c t u r e s  

in  drawing c o o l e r  f l u l d  towards the s u r f a c e  immedia te ly  downstream of the 

v o r t e x  p o s i t i o n s .  The f l u i d  being drawn c l o s e  to  the i n s t a n t a n e o u s  po in t  of  

r e a t t a chmen t  i s  r e l a t l v e l y  c o o l ,  hav ing  f lowed over  the s e p a r a t i o n  bubble away 

from the hea ted  s u r f a c e .  The r e l a t l v e l y  l a r g e  t empe ra tu r e  d i f f e r e n c e  between 

the  p l a t e  and t h i s  c o o l e r  f l u l d  accounts  fo r  the h i g h e r  hea t  t r a n s f e r  r a t e s  

observed  a t  the r e a t t a chmen t  p o i n t .  I n s i d e  the  s e p a r a t i o n  bubble ,  the r e c l r c u -  

latlng flow is generally less turbulent and of lower velocity; this leads to a 

generally higher thermal resistance, as reflected by the lower values of both 

the  tlme-mean and i n s t a n t a n e o u s  Nusse l t  numbers in  t h i s  r e g i o n .  

I t  i s ,  pe rhaps ,  s i g n i f i c a n t  t h a t  the  r e l a t i v e  hea t  t r a n s f e r  c h a r a c t e r -  

I s t l c s  a long the  p l a t e  s u r f a c e  a re  p r e d i c t e d  q u i t e  mel l  by an e s s e n t l a l l y  

I n v l s c l d ,  two-d lmens lona l  model.  However, t h i s  agreement  i s  not  s u r p r i s i n g  : 

the findings of Rothe and Johnston [16] indicate that the spanwlse vortices 

are  p r l m a r i l y  r e s p o n s l b l e  fo r  the r e g i o n  of  uns teady  r e v e r s i n g  f low in  the  

neighborhood of the mean r ea t t achmen t  p o i n t ;  the dominant v e h l c l e s  of energy  

t r a n s p o r t ,  the  l a r g e - s c a l e  s t r u c t u r e s ,  a re  l i t t l e  i n f l u e n c e d  by v i s c o s i t y ,  

which may t h e r e f o r e  be n e g l e c t e d .  

Conc lus ions  

A t lme-dependen t  model of  the  hea t  t r a n s f e r  p roces s  near  a t u r b u l e n t  

s e p a r a t i o n  bubble has been p r e s e n t e d .  The v e l o c l t y  f i e l d  i s  deduced from the 

v o r t l c l t y  f l e l d  t h a t  i s  p rov ided  by a d l s c r e t e - v o r t e x  model of  the f low.  The 

tharmal  f l e l d  i s  c a l c u l a t e d  s l m u l t a n e o u s l y  us ing  a t h l r d - o r d e r  f i n i t e -  

d i f f e r e n c e  approx ima t ion  to  s o l v e  the  energy  e q u a t i o n  on a q u a d r a t i c a l l y  

compressed g r i d .  

The peak t lme-mean Nusse l t  number downstream of the  l e a d i n g  edge i s  found 

to  be l o c a t e d  in  the  r e g i o n  of  the peak v e r t l c a l  the rmal  eddy d l f f u s l v l t y  and 
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the tlme-mean point of reattachment of the separating streamline. The profile 

of the local tlme-mean Nusselt number compares well with those obtained exper- 

Imentally at hlgher Peclet numbers, Vortex action in drawing cooler fluid 

towards the p l a t e  s u r f a c e  l eads  to i n s t a n t a n e o u s  l o c a l  peaks in  the Nusse l t  

number along the p l a t e  s u r f a c e ;  a prominent  peak i s  l o c a t e d  a t  the po i n t  of 

r e a t t a c h m e n t ,  

Acknowledgement s 

M.C. Thompson g r a t e f u l l y  acknowledges the suppor t  of a CSIRO P o s t d o c t o r a l  

Fe l lowsh lp  Award. The computing was suppor ted  by a CSIRONET Cyber 205 Gran t .  

Nomenclature 

Cp heat  c a p a c i t y  of f l u i d  a t  cons t an t  p r e s s u r e  

D v v e r t i c a l  thermal  eddy d l f f u s l v l t y  [~ - - r~ / (DT/~y) ]  

H s e m l - t h l c k n e s s  of p l a t e  

la/=T 
k thermal  c o n d u c t i v i t y  of f l u i d  

Nu S u s s e l t  number [-~(T/AT)/~(y/2H)]y=O 

tlme-mean Nusse l t  number 

maximum va lue  of ~ o c c u r r i n g  near  r ea t t achmen t  
m A X  

Pe Pec l e t  number CpO V2R/k  

t time 

T t empera tu re  of f l u i d  

T O tempera tu re  of unheated f l u i d  

T 1 t empera tu re  a t  p l a t e  su r f ace  

V' f l u c t u a t i o n  of v e r t i c a l  v e l o c i t y  

f l u i d  v e l o c i t y  normal ized  to V 

V magni tude of v e l o c i t y  of f low at  ups t ream i n f i n i t y  

x h o r i z o n t a l  c o o r d i n a t e  d i r e c t i o n  

x R reattachment length 

y v e r t i c a l  c o o r d i n a t e  d i r e c t i o n  

z-=x+ly complex c o o r d i n a t e  i n  p h y s i c a l  p lane  

A complex coordinate in transformed plane 

AT temperature difference between plate and incident fluid 

complex flow velocity potential 

O f l u i d  d e n s i t y  

T d l m e n s l o n l e s s  time tVJ2 H  
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